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Abstract
Segmented flow can be utilized in lab-on-a-chip technologies to speed up chemical and
biological analysis. Segmented flow (also known as Taylor flow or the Bretherton problem)
has often been explored in circular channels, but rectangular channels are more common for
microfluidics applications. To this end, pressure-driven droplet flow in a square microchan-
nel is studied using the volume of fluid method in ANSYS Fluent, a computational fluid
dynamics program. It was found that for low Reynolds number (Ret = 0.01) and droplet
sizes larger than the channel diameter, the flow is mostly influenced by capillary number
and viscosity ratio. The density ratio was not found to have an effect for 0.01 ≤ γ ≤ 1.0.
The droplet spacing did not show a large effect for 1.75 ≤ λ ≤ 10, except on the pressure
drop which increases as the spacing decreases.
Similar to flow in circular channels, it was found that fluid will jet forth from the tail
of the droplet when a critical capillary number is reached (around Cat = 1) for κ ≤ 1.
It was found that increasing the Reynolds number can have varying effects on the flow
depending on the capillary number, droplet size, and other factors. A minimum in the
relative pressure drop was observed at low capillary numbers around where the droplet
expands into the corners of the channel. An additional corner deformation was also observed
at higher capillary numbers which increases with capillary number and the amount of corner
deformation is greater at lower viscosity ratios.
Rotation-driven flow was also explored for lab-on-a-CD applications. It was found that
a stable flow can exist for flows in which the Coriolis forces are large and the droplet is
pushed from the center of the channel. It was also found that there is a set of parameters
where rotation can drive a train of droplets without being influenced by Coriolis forces.
xx
Chapter 1
Introduction
1.1 Motivation
Microfluidics offers great promise to biological and chemical analysis through miniatur-
ization and automation using lab-on-a-chip technologies. Lab-on-a-chip devices or micro
total analysis systems (µTAS) perform analysis usually done in a macroscale laboratory
environment on a very small platform. They can be used to perform several analysis si-
multaneously and they can perform analyses with smaller volumes making them especially
useful for limited samples [6]. Another advantage of lab-on-a-chip devices is that they can
decrease the time required for each analysis [7].
One area of interest which lab-on-a-chip technology can impact is diagnostic testing
[6]. Diagnostic testing can be used to quickly assess threats such as disease, infections,
foodborne illness, and bioterrorism [6]. Drug discovery and testing is another area that
can see improvement from microfluidics as drugs which enter clinical trials are often not
approved due to not being effective or being toxic [8]. A lab-on-a-chip model of the human
body or individual organs may be utilized to better study drugs before clinical trials [8].
One form of a lab-on-a-chip is a lab-on-a-CD, where the lab is contained on a compact
disc and may utilize rotation to drive the flow through microchannels. One advantage over
a traditional lab-on-a-chip approach is that a separate pump is not required to drive the
flow [9].
Since microchannels are very small in scale, the flow is usually laminar. Due to the
laminar flow, mixing is performed primarily through diffusion, which can cause a large
amount of dispersion [10]. In order to circumvent this issue, segmented flow can be utilized
in the form of immiscible droplets. A series or train of droplets can each hold a different
sample and act as a separate lab for analysis, which also prevents cross-contamination of
samples [11].
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Similar to microchannel flows, where the effects of gravity are neglected due to the
surface tension forces being much more important than buoyancy forces, the results in this
study also apply to larger channels in a microgravity environment [12]. The results also
apply to oil recovery applications and coating of ceramic monoliths [13].
Although a train of droplets flowing through square microchannels has numerous ap-
plications, there has not been a lot of work done based on the fluid dynamics of the flow.
The problem’s circular channel counterpart has received much more attention in which it
is often referred to as Taylor flow or the Bretherton problem.
In this thesis, the physics of segmented flow will be explored for two cases. The first
case is a channel on a stationary platform driven by pressure which is useful for lab-on-a-
chip applications. A parametric study will be performed using a commercial computational
fluid dynamics program called ANSYS Fluent.
The second case is a channel on a disk where the flow is driven by rotation. A more
limited analysis will be performed for this case which also uses ANSYS Fluent.
1.2 Pressure-Driven Segmented Flow in a Square Channel
Figure 1.1 shows a train of droplets moving through a square channel. For visualization
purposes, only a portion of the microchannel is shown in this visualization. The actual
microchannel would be much longer and feature more than the five droplets shown. In
Figure 1.1, two fluids are actually present. The droplets will be referred to as the droplet
phase and the fluid which contacts the wall will be called the carrier phase. In this case,
pressure drives the droplets to move along the channel.
The scope of this project will be limited to immiscible droplets in which the droplet
does not make contact with the wall. The walls are smooth and the corners are right angles.
The droplets are at steady state, so the size and distance between each droplet is constant.
Also, the droplets are far away from the entrance of the channel, so entrance effects are
not considered. Only flow that is laminar, Newtonian, incompressible, isothermal, and
continuous is considered. The fluids are also considered pure and free of contaminants.
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The channel is assumed to be horizontal (perpendicular to gravity) and small enough that
gravity can be neglected.
Both gas-liquid (where the droplet is a gas and the carrier is a liquid) and liquid-liquid
flows are considered in this parametric study. Much of the focus in this study will be
placed on liquid-liquid flows as they have not been explored as much as their gas-liquid
counterpart and are useful for microchannel flows.
Figure 1.1: Droplets driven through a square channel due a pressure gradient
Figure 1.2 shows a plane at the center of the channel with important parameters noted.
The channel has a height and width of D. Each droplet and carrier fluid is contained in
its own cell of length (Dcell) which is periodic in space along the length of the channel. As
the flow is periodic, the pressure drop, ∆P , over each periodic cell is the same. Each cell
has the same amount of carrier fluid, volume ∀C , contained in it and droplet fluid, volume
∀D), as well. It is more useful to transform the volume of the droplet into the equivalent
diameter of a sphere with the same volume Deq using
6∀1/3D
pi
.
D
Dcell Dcell Dcell
∆P ∆P ∆P
Deq =
6∀D
pi
1/3 ρD, µD
ρC , µC
σ
J wD
Figure 1.2: Droplets moving through a microchannel, important parameters
The droplet has a density ρD and viscosity µD. The carrier has a density ρC and
viscosity µC . The droplet is moving at a velocity wD which is parallel to the channel
length and the total superficial velocity is J . The superficial velocity is the sum of the
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individual superficial velocities of each phase which are calculated using the volumetric
flow rate and the cross-sectional area of the channel. The surface tension between each
phase is characterized by σ.
Overall, eleven independent parameters describe the problem: ρC , ρD, µC , µD, Deq, D,
wD, J , σ, Dcell, and ∆P . Using Buckingham Π theorem, the independent parameters can
be transformed into eight non-dimensional parameters which describe the problem: Ret,
Cat, κ, γ, D
∗
eq, λ,
wD
J
, and ∆P ∗. Table 1.1 shows what each non-dimensional parameter
means along with the equations which compose them. Each parameter is explained in more
detail in Chapter 2.
For the parametric study, the effect of the Reynolds number, capillary number, viscosity
ratio, density ratio, droplet size, and droplet spacing on the mobility, pressure drop, and
droplet shape will be considered. In addition, the flow field will be explored for the Reynolds
number, capillary number, and viscosity ratio. The parametric study will be performed
computationally using ANSYS Fluent 15.0.
Table 1.1: Non-dimensional parameters for pressure driven flow in a square microchannel
Parameter Name Symbol Definition Equation
Reynolds Number Ret inertial/viscous
ρCDJ
µC
Capillary Number Cat viscous/surface tension
µCJ
σ
Viscosity Ratio κ droplet viscosity/carrier viscosity µD
µC
Density Ratio γ droplet density/carrier density ρD
ρC
Droplet Size D∗eq droplet diameter/channel diameter
Deq
D
Droplet Spacing λ periodic cell length/channel diameter Dcell
D
Mobility wD
J
droplet velocity/total superficial velocity wD
J
Relative Pressure Drop φ2 two phase/single phase pressure drop
dP
dz tp
dP
dz sp,C
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1.3 Rotation-Driven Segmented Flow in a Square Channel
As an extension to the first problem of flow through a square channel, the channel will
now be on a rotating platform which is applicable to lab-on-a-CD technology. All of the
same assumptions and parameters from the previous case are still present. The difference
is that now the flow through the channel is considered from a reference frame moving with
the channel as it spins on the disk. Figure 1.3 shows a channel on a spinning disk with
a coordinate system. The distance from the center of rotation is denoted as r and the
channel is spinning at a constant rotational speed Ω. The only configuration considered is
a channel that extends in the direction of the radius of rotation.
Ω
r
+z
+x
+y
Figure 1.3: Microchannel on a rotating platform, channel enlarged for visualization
Since the channel is considered from a reference frame rotating at a constant speed, two
fictitious forces are present: the centrifugal force and the Coriolis force. The centrifugal
acceleration acts outward from the center of rotation and is given by Ω2r. The Coriolis
acceleration is given by −2Ω× ~v where ~v is the velocity of the fluid in the channel.
As the computational model does not simulate the full channel, which would take more
resources, it is assumed that flow is steady in the channel. So, instead of varying r along
the length of the channel, it will be assumed that the small periodic domain is much smaller
than the length of the channel so that that the radius of rotation varies by only a small
amount along the length of the domain. To that measure, instead of a variable radius
5
of rotation r, a constant R far from the center of rotation will be used as the radius of
rotation. The centrifugal acceleration will now be given by Ω2R.
The corresponding non-dimensional parameters for this problem are the Ekman number
(Ek) and the Eo¨tvo¨s number (Eo). The definitions for the non-dimensional parameters
are in Table 1.2. These parameters along with the parameters from Table 1.1 are the
ten non-dimensional parameters which describe the case of a microchannel on a rotating
platform. This study does not attempt to study the rotational case to the extent that the
stationary case was studied. For the rotational case, three situations are considered. The
first is intended to study the effect of the Coriolis force without the effects of the centrifugal
force. The second intends to do the same for centrifugal force without Coriolis force. The
final study, is a full rotation study, where the effects of both centrifugal and Coriolis force
are considered.
Table 1.2: Additional non-dimensional parameters for the rotating case
Parameter Name Symbol Definition Equation
Ekman Number Ek viscous/Coriolis µC
D2ΩρC
Eo¨tvo¨s Eo centrifugal/surface tension ∆ρΩ
2RD2
σ
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Chapter 2
Background
2.1 Basics
For flow in microchannels, the flow is usually laminar due to the small size. In some
cases, the viscous forces can overpower the inertial forces. The Reynolds number is com-
monly used to compare the relative effect of the viscous forces to the inertial forces and
is defined by Ret =
ρCDJ
µc
where ρC is the density of the carrier fluid, D is the hydraulic
diameter of the channel, J is the total velocity, and µC is the viscosity of the carrier fluid.
The total superficial velocity can be calculated using the sum of the superficial velocities
(Equation 2.1) [14]. The volume fraction () is defined by the volume of the subscript phase
over the total volume (Equation 2.2). The volume fraction is sometimes referred to as the
void fraction or gas-holdup for gas bubble flows.
J = jC + jD = CwC + DwD (2.1)
D =
∀D
∀D + ∀C (2.2)
The superficial velocities (jC and jD) are calculated in the same way as the flow rate
as shown in Equation 2.3 [14].
jD =
QD
D2
(2.3)
For two immiscible fluids, a surface tension (or more properly, interfacial tension) exists
between the two phases. This tension is due to the different molecular interaction forces
between the two fluids [15]. Due to surface tension, the shape of the interface will seek
a position of minimal energy and for this reason, a droplet will become a sphere in an
unbounded, quiescent fluid [15].
The non-dimensional parameter used when viscous forces are more important than
inertial forces is the capillary number. The capillary number is the ratio of viscous to
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surface tension forces and is defined as Cat =
µCJ
σ
where σ is the surface tension. The
non-dimensional parameter often used when inertial forces are more important (Ret > 1)
is the Weber number. The Weber number is the ratio of inertial to surface tension forces
and is defined as Wet = RetCat =
ρCJ
2D
σ
.
Another non-dimensional parameter related to the Reynolds number and the capillary
number is the Laplace number (also sometimes referred to as the Suratman number or the
inverse square of the Ohnesorge number). The Laplace number (La) is a non-dimensional
formulation of important properties that is constant as long as the density, viscosity, channel
size, and surface tension do not change. It is defined as La = Re
Ca
= ρCDσ
µ2C
.
It is possible that the droplet phase can come into contact with the wall. In this
case, a contact angle will form between the solid phase, the droplet phase, and the carrier
phase. The contact angle depends on surface tension, but can also change because of other
properties such as the surface roughness and cleanliness [14]. Depending on the contact
angle, a surface is labeled wetting or non-wetting for a particular fluid combination. Wetting
surfaces will stay in contact with the fluid and non-wetting surfaces will not be in contact
with the fluid.
Surfactants, or surface active agents, are molecules with a hydrophobic tail and a
hydrophilic head. They can exist as impurities in a fluid or may be used with a purposeful
design. Surfactants concentrate on interfaces and lower the surface tension until a critical
point, termed the critical micelle concentration (CMC), upon which the surface tension
remains relatively constant [15]. A difference in surface tension along the interface can
produce an additional stress, termed Marangoni effect, which can also be caused by changes
in temperature.
Gravity can be significant in segmented flow and depends on the orientation of the
channel. The role of gravity can be determined using the Eo¨tvo¨s number (alternatively
termed the Bond number) which is defined as Eograv =
∆ρgD2
σ
where ∆ρ is the difference
in density between the two phases and g is the acceleration of gravity. At higher Eo¨tvo¨s
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number (Eograv), gravity is important. The direction of gravity is also important. The only
orientations discussed in this paper are towards the flow, against the flow, and perpendicular
the the flow.
For the rotating case, the centrifugal acceleration acts in the same way as a gravitational
acceleration in the same direction as the flow. For this reason, the role of the centrifugal
force can also use the Eo¨tvo¨s number only replacing the gravitational acceleration g with
the centrifugal acceleration Ω2R. So, the Eo¨tvo¨s number when referring to the rotating
case is defined as ∆ρΩ
2RD2
σ
.
The rotating case also introduces a Coriolis acceleration to the flow which acts in the
opposite direction of the cross product of the rotational acceleration and the fluid velocity.
The Ekman number can be used to understand how the Coriolis forces change the flow.
The Ekman number is the ratio of viscous forces to the Coriolis forces and is defined by
Ek = µC
D2ΩρC
. For rotating flows, the non-dimensional radius of rotation, R∗, can be written
as a function of other non-dimensional parameters as shown in Equation 2.4.
R∗ =
R
D
=
RetEk
2Eo
|1− γ|Cat (2.4)
2.2 Other Useful Parameters and Relations
In many papers on the subject of Taylor flow, the output parameters are often given
in a variety of ways. In earliest papers, the most common measurement given was the
fraction of carrier fluid, m (or sometimes W ), left behind as the droplet passes through the
channel [5]. Suo and Griffith used mass-continuity to show that the average velocity at a
cross-section of only the carrier fluid is equivalent to the total superficial velocity in the
channel (wC = J) [16]. If the velocity inside the film is zero, then a relation in the form of
Equation 2.5 can be found as given by Wo¨rner [17].
m =
Afilm
Achannel
=
wD − J
wD
= 1− 1wD
J
(2.5)
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In this equation, the relation wD
J
appears and will be referred to as the mobility. The
mobility parameter can be used to transform other parameters used in previous papers, such
as the fraction of carrier fluid m, to parameters used in this paper. In many past papers, the
Reynolds number and capillary number are given in terms of the droplet velocity instead
of the total velocity. If the mobility is known, then those parameters can be converted
according to Equation 2.6 and Equation 2.7. Another parameter is the flow ratio (β) which
can be found using the volume fraction and mobility as shown in Equation 2.8.
CaD =
µCwD
σ
= Cat
wD
J
(2.6)
ReD =
ρCDwD
µc
= Ret
wD
J
(2.7)
βC =
jC
J
= 1− DwD
J
(2.8)
The minimum non-dimensional film thickness (δmin) can be found approximately for a
circular channel using Equation 2.9 assuming a uniform and stagnant film [17].
δmin = (
1
2
− 1
2
√
wD
J
) (2.9)
For square channels, under some conditions, the droplet expands in the direction of the
corners. The droplet is no longer axi-symmetric about the center of the channel. Figure
2.1 shows the droplet radius when looking down the channel compared to a circle with
a radius equivalent to the minimum radius of the droplet about the channel center. The
maximum difference between the two radii will be referred to as the corner deformation of
the droplet (χ). As the droplet deforms more into the corner of the channel and the droplet
becomes less axi-symmetric about the center of the channel, the droplet deformation, χ
will increase.
The pressure drop can be observed in the form of the relative pressure drop as shown
by Equation 2.10 [14]. The non-dimensional pressure drop for the two-phase flow is given
10
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Figure 2.1: Corner deformation visualization
by dP
dz tp
. The non-dimensional pressure drop for the single phase is given by dP
dz sp,C
moving
with the same superficial velocity of the carrier phase (jC).
φ2 =
dP
dz tp
dP
dz sp,C
(2.10)
The droplet length (Dz) can be defined as the length of the droplet along the center
of the channel as shown in Figure 2.2. Also in Figure 2.2 is the minimum film thickness.
The film thickness can often vary along the channel, so a minimum film thickness has been
defined which is the smallest distance from the droplet to the wall. Both of these values
have been made dimensionless by the channel diameter.
Dz
δmin
Figure 2.2: Droplet length and minimum film thickness definition
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2.3 Single Phase Flow in a Square Channel
2.3.1 Pressure-Driven Channel Flow
Equation 2.11 is the equation for the average velocity (wsp) of a single phase flow in a
square duct driven by a pressure gradient (dP
dz sp
). This is a rearrangement and simplification
of the equation for a rectangular duct given by White [18].
dP
dz sp
= −28.4541wspµ
D2
(2.11)
The equation can be non-dimensionalized using the length scale D, the velocity scale
wsp, and the pressure scaled using a viscous scaling P
∗ = PD
µwsp
. Once it is made dimension-
less, the result is that the non-dimensional pressure gradient is a constant value (Equation
2.12).
dP ∗
dz∗ sp
= −28.4541 (2.12)
Equation 2.13 gives the dimensionless velocity field for flow through a square duct.
This equation also came from White for a rectangular duct and was non-dimensionalized
[18].
w∗(x∗, y∗) = − 4
pi3
dP ∗
dz∗ sp
∞∑
i=1,3,5,...
(−1)(i−1)/2[1− cosh(ipiy
∗)
cosh(ipi/2)
]
cos(ipix∗)
i3
(2.13)
Since the dimensionless pressure gradient is constant (Equation 2.12), the dimensionless
velocity field also does not change. Figure 2.3 shows the velocity field for single phase flow
in a square duct.
The velocity increases from the corner of the channel to the center of the square channel.
Equation 2.13 returns u∗ = 2.096, for the velocity at the center of the channel which is the
maximum velocity.
12
Figure 2.3: Single phase fully developed flow, non-dimensional velocity contour
2.3.2 Rotating Case
2.3.2.1 No Coriolis
A visualization of single phase flow on a rotating platform is shown in Figure 2.4. The
distance from the center of the disk to the entrance of the channel is ri, the distance from
the center of the disk to the exit of the channel is re, the pressure at the entrance of the
channel is Pi, and the pressure at the exit of the channel is Pe.
Ω
re
ri
Pi
Pe
+z
+x
+y
Figure 2.4: Single phase flow on a rotating platform, channel enlarged for visualization
The continuity and Navier-Stokes equations can be simplified assuming all of the flow
is in the z-direction and the Coriolis force is negligible to give Equation 2.14.
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µ(
∂2w
∂x2
+
∂2w
∂y2
) = −∂P
∂z sp
+ ρΩ2r (2.14)
From this equation, the relationship in Equation 2.15 can be found, which shows the
the body force is constant along the channel length [19]. Instead of using the variation in
the distance from the center of the disk for the body force, a constant, R, can be used.
For this case, it equal to the distance from the center of the disk to the midpoint of the
channel.
−∂P
∂z sp
+ ρΩ2r =
Pi − Pe
re − ri +
ρΩ2(re + ri)
2
=
∆P
∆z
+ ρΩ2R (2.15)
Since the total body force is constant, the pressure gradient in the equation for a
pressure driven flow in a square channel can be replaced with the total body force in
Equation 2.15 to get the velocity field for a channel on a spinning disk.
2.3.2.2 Full Rotation
Kheshgi and Scriven studied the single phase flow in a rotating square channel numer-
ically using finite element analysis and asymptotic solutions [20]. In their simulations, the
Ekman number and the Rossby number were varied. The Rossby number is the ratio of
inertial to Coriolis force and can be found by Equation 2.16.
Ro =
J
DΩ
= EkRet (2.16)
Figure 2.5 shows an example of how the Coriolis force can alter the flow. The graphic
was produced by performing a simulation in ANSYS Fluent 15.0 using the same inputs as
used by Kheshgi and Scriven for one of their simulations. The plot shows a cross-section
of the duct when looking down the duct towards the center of the disk from outside of the
disk. The right side is the leading edge and the left side is the trailing edge. Kheshgi and
Scriven also showed that for some conditions, an additional two vortices appear.
14
Figure 2.5: Full rotation, Ro = 0.75, Ek = 0.01, and R∗ = 0.01 rotation is in positive
y-direction, right side is the leading edge and left side is the trailing edge defined using
Figure 2.4
2.4 Pressure-Driven Flow in a Circular Channel
Most of the literature on segmented flow in a channel has been done for circular cross
sections. As segmented flow in circular channels has similarities to flow in square channels
and the literature is more developed, it will be discussed here. Most of the studies performed
are for gas-liquid flows or bubble flows.
2.4.1 Capillary Number Effect
Fairbrother and Stubbs studied the flow of a long air bubble (Dz > 1.5) experimentally
in a horizontal capillary tube filled with a liquid for low capillary numbers and negligible
gravity effects [21]. Using four different liquids (aniline, ethyl alcohol, benzene, and water),
they showed that as the velocity of the bubble increased, the thickness of the film also
increased. From their measurements, they obtained an empirical relation (Equation 2.17)
between the capillary number and the mobility for low capillary numbers.
wD
J
=
1
1− (Cat wDJ )
1
2
for 0 < Cat < 0.063 (2.17)
Taylor used experiments at larger capillary numbers to show that Equation 2.17 fits
the data well for 0 < Cat < 0.063 for low Reynolds number (around Ret = 1), density ratio
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(around γ = 0.001), and viscosity ratio (around κ = 0.001) [5]. As the capillary number
increased in Taylor’s experiments, it appeared that the mobility approached an asymptotic
value of around wD
J
= 2.3. Figure 2.6 shows the simplest streamlines possible for the flow
wD
J
> 2, Complete Bypass Flow
wD
J
< 2, Recirculating Flow
wD
J
< 2, Transitional Flow
Figure 2.6: Simplest streamlines possible for bubble blown into a circular tube as first
drawn by Taylor for velocities relative to the bubble [5]
as envisioned by Taylor. When wD
J
> 2, there is complete bypass flow where the carrier
fluid flows around the bubble and there is a stagnation point on the tip of the bubble. For
wD
J
> 2 there is either recirculating flow or transitional flow. For the recirculating flow,
in addition to the stagnation point on the tip of the bubble, there is also a stagnation
ring (drawn with a dotted line) that extends from the bubble into the carrier flow. The
transitional flow occurs as the flow switches from recirculating to complete bypass.
Bretherton performed a lubrication analysis for negligible gravity, negligible viscosity
ratio, vanishing capillary number, low Reynolds number (Ret << 1), and film thickness
much smaller than the channel diameter [22]. From his analysis, he obtained Equation 2.18
for the mobility. Bretherton found that the mobility found by Equation 2.18 was lower than
what was found in experiments.
wD
J
=
1
1− 2.68(Cat wDJ )
2
3
(2.18)
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Aussillous and Que´re´ used Taylor’s data along with their own experiments using air and
silicone oil with low viscosity ratios to obtain a relationship between the film thickness and
capillary number [23]. Equation 2.19 is Taylor’s law, reformulated by Wo¨rner in terms of
the mobility and the capillary number based on the total superficial velocity using Equation
2.9 [17].
wD
J
=
[1 + 3.33(Cat wDJ ) 23
1 + 2(Cat
wD
J
)
2
3
]2
(2.19)
Giavedoni and Fernando used a finite element analysis to show that in the recirculating
flow regime, as the capillary number increases, the point of contact of the stagnation ring on
the bubble moves closer the central axis [24]. They also showed that as the capillary number
increases, the stagnation ring eventually detaches (around CaD = 0.605) and moves away
from the bubble leaving a stagnation point on the bubble tip. The last regime described is
the transitional regime. The flow reaches complete bypass around CaD = 0.690. Soares and
Thompson numerically showed the same behavior at similar capillary numbers numerically
and gave a transition of CaD = 0.696 [25].
Goldsmith and Mason found that at higher capillary numbers, some of their droplets
developed a concave tail [26]. Olbricht and Kung showed the same and also that the edges
of the tail jet forth into the channel at a critical capillary number and the jet eventually
breaks up [27]. The critical capillary number of breakup for κ = 0.0013 and D∗eq = 1.13
was Cat = 4.08.
2.4.2 Reynolds Number Effect
Aussillous and Que´re´ observed that for experiments where inertial forces are much
higher than viscous forces, as the capillary number is increased, the film is thicker than
predicted by Taylor’s law (Equation 2.19) after a certain capillary number dubbed Ca∗D
[23]. They also noticed that the difference in thickness increases with capillary number
until another notable capillary number denoted as Ca∗∗D attributed to confinement when
the thickness reaches a maximum.
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Aussillous and Que´re´ expanded Bretherton’s lubrication analysis and determined ap-
proximate expressions for Ca∗D and Ca
∗∗
D given by Equation 2.20 and 2.21.
Ca∗D ∼
CaD
Re
− 3
4 ∼ La− 34 (2.20)
Ca∗∗D ∼
CaD
Re
− 1
2 ∼ La− 12 (2.21)
Giavedoni and Saita extended their finite element analysis to analyze the effect of
Reynolds number from 0 to 70 [24]. They saw no change in the film thickness with Reynolds
number for CaD < 0.01. The estimate from Equation 2.20 is consistent with this result.
Heil numerically studied inertial effects on Taylor flow and found agreement with Gi-
avendoni and Saita’s findings that the film thickness decreases with Reynolds number from
Reynolds number 0 to 70 [28]. Heil extended the study up to Reynolds number 280 and
found that the trend reversed and the film thickness began to increase. He notes that
a closed vortex appears in the carrier fluid region of the flow which increases in length
with Reynolds number. Due to the closed vortex, Heil shows that a series of vortices
should appear in a cat’s eye pattern in the carrier fluid recirculating region. He also shows
that a greater pressure difference would be required to obtain the same velocity at greater
Reynolds numbers. The increased dependence of inertial effects with an increase in the
inverse of the Laplace number is also confirmed by Heil.
Carroll and Gupta numerically showed that for a droplet with a viscosity ratio of 1 and
capillary number of 0.1, the mobility increases for larger droplets (Dz = 1.2) with Reynolds
number from 0.10 to 400 [29]. In this Reynolds number range for small droplets (Dz = 0.5
and 0.6), the mobility only decreases and for intermediate droplets (Dz = 0.7 and 0.8), the
mobility reaches a minimum. For the droplets of size Dz = 0.7, 0.8, and 1.2, the pressure
loss due to the droplet reaches a maximum with Reynolds number. For Dz = 0.5 and 0.6,
the pressure loss only increases in the Reynolds number range. These changes do not occur
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until around ReD > 50. The droplet elongated with increasing Reynolds number and at
larger Reynolds numbers (ReD = 200, 400), oscillations were seen in the tail of the droplet.
2.4.3 Droplet Size Effect
Bretherton noted in his experimental study that the mobility did not change with the
droplet length for Dz > 4 which was the smallest length used in his study [22].
Olbricht and Kung experimentally saw little difference in the droplet shapes for Dz >>
1.05 at two different viscosity ratios (κ= 0.0075 and 0.99) and small Capillary numbers
(Cat=0.05,0.10,and 0.16) [27]. They also find that the dimensionless film thickness and
mobility are independent of Dz for Dz > 0.95.
2.4.4 Droplet Spacing Effect
Kreutzer et al. experimentally and computationally looked at the pressure drop due
to bubbles in circular channels [30]. They found that as the periodic cell length decreases,
the pressure drop increased.
2.4.5 Viscosity Ratio Effect
Goldsmith and Mason observed that for low capillary numbers, the tail of the droplet
develops ripples and found that the amplitude of the ripples increased at higher viscosity
ratios [26]. It was also found that at higher capillary numbers, some of their droplets
developed re-entrant cavities. At higher viscosity ratios (κ= 0.22 and 1.08), the tips of the
tail end of the droplet began to extend down the channel creating larger cavity.
Olbricht and Kung show that the mobility of the droplet decreases with increasing
viscosity ratio (κ= 0.0075 to 2.10) for Dz > 0.95 and 0.110 ≥ Cat ≥ 0.035 [27]. They note
the existence of an indention in the tail of the droplet at higher capillary numbers that
grows with capillary number. They also found that the critical capillary number at which
the indention occurs decreases as the viscosity ratio increases.
Soares and Thompson theoretically showed that when the viscosity ratio κ ≥ 0.5,
complete bypass flow is not possible [25]. Soares and Thompson derived Equation 2.22 for
the critical mobility when the flow transitions from bypass to recirculating and vice-versa.
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wD
J
=
2− 2κ
1− 2κ (2.22)
Equation 2.22 tends to the value of wD
J
= 2.0 given by Taylor when the viscosity ratio
approaches zero. They also showed numerically that as the viscosity ratio κ increases, the
mobility also increases for higher capillary numbers. In addition to capturing the transition
regime for a low viscosity ratio (κ=0.0025), Soares and Thompson were also able to see the
transition regime for κ=0.125 and κ=0.25. The estimated capillary numbers where each
regime transitioned were CaD=1.273 and 2.825, respectively.
Lac and Sherwood also found that the transition between bypass flow and recirculating
flow occurs at κ =0.5 [31]. They also showed that for κ < 1 and above a critical capillary
number, a re-entrant jet forms on the droplet. The dependence of the re-entrant jet forming
also depends on the initial shape of the droplet and the capillary number. Lac and Sherwood
found that a capillary instability developed for high viscosity ratios.
2.4.6 Surfactant Effect
Ratulowski and Chang investigated the role of surfactants on why Bretherton’s lubri-
cation analysis (Equation 2.18) predicted a smaller film thickness at low capillary numbers
than found in experiments [32]. They found that a smaller distribution of surfactants near
the film region of the interface can cause a Marangoni effect to occur, which increases the
film thickness.
2.4.7 Gravity Effect
Bretherton extended his lubrication analysis which was used to obtain Equation 2.18
for pressure driven flow to flow with buoyancy to obtain Equation 2.23 [22]. In Equation
2.23, the positive Eo¨tvo¨s number factor refers to a rising bubble and a negative Eo¨tvo¨s
number factor refers to a falling bubble.
wD
J
=
1
1− 2.68(1± 2
3
Eograv)Ca
2
3
D
(2.23)
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Bretherton used lubrication analysis to find that a steady bubble at low Reynolds and
capillary number without a pressure gradient will not rise if Eograv < 0.842 [22].
Goldsmith and Mason showed that for viscosity ratios κ= 0.22 and 6.0, the bubble
velocity and film thickness were lower for downward flow than upward flow [26].
2.5 Pressure-Driven Flow in a Square Channel
2.5.1 Capillary Number Effect
Kolb and Cerro used experiments to show that an air bubble passing through a square
channel exhibits similar behaviors to flow in a circular channel [13]. They found that a
bypass flow occurs at larger capillary numbers and a recirculating flow occurs at lower
capillary numbers. They also found that the mobility and film thickness increases with
Capillary number. They observed that instead of the bubble staying axi-symmetric with
the center of the channel as it does in circular channels, the bubble expands into the corners
of the channel at lower capillary numbers. The bubble starts corner deformation around
CaD = 0.1. They found that the minimum film thickness is smaller for a square channel
than a circular at a given capillary number.
Hazel and Heil observed an additional corner deformation in the bubble at higher
capillary numbers starting around CaD = 4 [3]. They explain the cause of the corner
deformation as fluid moving through the corners causing the droplet to expand due to a
lower pressure. The surface tension and the decreased pressure oppose each other in order
to restore or upset the axi-symmetry.
Hazel and Heil computationally showed that the additional pressure drop and minimum
film thickness of an air finger moving into a square tube increase with capillary number in
the range 0.01 to 10. This was found to be in agreement with earlier work of Wong et al.
which showed that the pressure drop for a long bubble at very small Capillary numbers
scaled with Ca
2/3
D [33]. Hazel and Heil found that at low capillary numbers, the droplet
starts corner deformation. The droplet becomes axi-symmetrical around CaD = 0.033.
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Hazel and Heil also observed all three streamline patterns that Taylor first envisioned
when studying flow in a cylindrical tube. At low capillary numbers, Hazel and Heil observed
that there are nine stagnation points (one at the bubble tip, two on the x-plane, two
on the y-plane, and four on the diagonal planes) when using a reference frame traveling
with the bubble. For full bypass flow, there is only a stagnation point on the tip. The
capillary number at which the transition from recirculation to full bypass flow occurred
was CaD = 0.680 which corresponds to a mobility around
wD
J
= 2.096. This is the same as
the maximum velocity found using Equation 2.13 for single phase pressure driven flow in
a square channel. This is analogous to the mobility value of wD
J
= 2 which corresponds to
the non-dimensional average velocity in a circular channel.
Taha and Cui used ANSYS Fluent VOF simulations to model bubble flow in a square
channel [34]. They were able to visualize similar streamlines to flow in circular channels.
They found, similar to the shape of the droplet at lower capillary numbers, the vortices are
not axisymmetric about the center of the channel and therefore not toroidal as in circular
channels.
Wang and Dimitrakopoulos computationally showed that for low Reynolds number
(Re << 1), density ratio γ = 1, viscosity ratio κ = 2.04, and Dz = 0.8 and 1.15, the
mobility increases as capillary number Cat increases [1]. The minimum film thickness also
increased with capillary number.
2.5.2 Reynolds Number Effect
Han and Shikazono used their experimental correlation to develop Equation 2.24 for the
minimum film thickness of bubble flows as a function of capillary and Reynolds number [4].
They show that it fits their experimental data to 5% accuracy. Han and Shikazono found
that the transitional capillary number for droplet deformation is lower at higher Reynolds
number.
δmin =
1.215Ca
2/3
D
1 + 7.28Ca
2/3
D − 0.255(ReDCaD)0.215
− 0.0855 (2.24)
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2.5.3 Droplet Size Effect
Wang and Dimitrakopoulos computationally showed that for low Reynolds number
(Re << 1), capillary number Cat = 0.1, density ratio γ = 1, and viscosity ratio κ = 2.04
the mobility decreases as the droplet size increases from Dz = 0.6 to 0.9 [1]. They also
showed that for Dz = 1.03 to 1.2, the trend reverses, and the mobility slightly increased
with increasing droplet size. The trend for the minimum film thickness was the same as
the mobility.
2.5.4 Droplet Spacing Effect
Wang and Dimitrakopoulos explored the difference in the periodic cell length by running
simulations with λ = 2, 3, 4, 50, and∞ (for a single droplet) [1]. For low Reynolds number
(Ret << 1), Cat = 0.1, density ratio γ= 1, viscosity ratio κ = 2.04, and a droplet size
of Dz = 0.8, an increase in mobility was seen as the periodic length increased from 2 to
50. No differences were seen between λ = 50 and ∞. For a larger droplet size (Dz = 1.2),
they also show that the mobility increases from λ = 2 and ∞. Additionally, they show
that the effect on the mobility is reduced with increasing capillary number and the effect
on mobility is increased with increasing viscosity ratio.
2.5.5 Viscosity Ratio Effect
Wang and Dimitrakopoulos computationally showed that for low Reynolds number
(Ret << 1), capillary number Cat = 0.1, density ratio γ = 1, and droplet size Dz = 1.03,
the mobility decreases and the droplet elongates as the viscosity ratio increases from κ = 0.5
to 10 [1]. They also show that the minimum film thickness increases for larger droplet sizes
(Dz > 0.7) with as the viscosity ratio increases from κ = 2.04 to 10.
Jakiela et al. studied the speed of viscous droplets at high Reynolds (around Ret = 150)
and low capillary numbers (CaD = 0.11) [2]. They found that for κ = 0.3 and κ = 1, the
mobility (wD/J) is near 1 for D
∗
eq > 1. For larger viscosity ratios, even lower mobility
values could be reached. These results are not consistent with the computational results of
Wang and Dimitrakopoulos, which show much higher mobility values (around wD/J = 1.5)
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for similar conditions (D∗eq = 1.5 and Cat = 0.1). A major difference, though, is that Wang
and Dimitrakopoulos have much lower Reynolds numbers, so the effect of inertia may play
a role. The difference between the computational solution and the experimental results
could also possibly be a result of surfactants or a Marangoni effect. This is unlikely as
Jakiela et al. make attempts to minimize the influence of surfactants and temperature
fluctuations.
2.5.6 Surfactant Effect
Fuerstman et al. experimentally studied bubble flows through rectangular channels of
varying aspect ratios where the bubble is in contact with the channel walls [35]. They
found that for pure fluids, in the absence of surfactants, the mobility was around 1. They
found that for concentrations of surfactants below the critical micelle concentration, the
mobility decreased to around 0.48. They found that for concentrations above the critical
micelle concetration, the mobility was around 0.83.
The results of Fuerstman et al. show similarities between the study of Jakiela et al.
which includes mobilities around 1 and mobilities lower than 1 under certain conditions.
This gives another possible reason for the results of Jakiela et al. are not consistent with
Wang and Dimitrakopoulos, which is that the droplet is actually making contact with the
channel walls in the experiments of Jakiela et al.
2.5.7 Gravity Effect
Thulasidas, Abraham, and Cerro performed experiments on a train of bubbles flowing
through a square channel moving against and with gravity [36]. For these experiments
vertical channels were used and Eograv = 0.43. The minimum film thickness was observed
to be greater for upward flow than downward flow at low capillary numbers. They found
that the bubble may be able to rise when there is not external pressure at a lower Eo¨tvo¨s
number (Eograv) than in a circular channel due flow in the channel corners. Taha and Cui
later observed using simulations that when decreasing the capillary number, the film is
thicker for upward flow than downward flow starting around CaD = 0.009 [34].
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Hazel and Heil used the nomenclature of a positive Eo¨tvo¨s number to show that a
bubble is traveling upwards (against gravity) and a negative Eo¨tvo¨s number for a bubble
traveling downwards (with gravity) [3]. Hazel and Heil simulated the effects of Eograv =
±0.45 on a low Reynolds number air finger. When gravity opposes the bubble flow, the
pressure drop increases, the minimum film thickness increases and the low capillary number
at which the bubble starts corner deformation decreases. For a negative Eo¨tvo¨s number,
the opposite occurs. As the capillary number increases, the gravitational effects do not
have a large effect on the flow.
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Chapter 3
Models
3.1 Computational Model
To simulate the flow of segmented flow in square channels, a computational fluid dy-
namics program, ANSYS Fluent 15.0, is used. The non-dimensional parameters for the
problem are input into Fluent and the program solves the time dependent Navier-Stokes
equations numerically.
To model a train of droplets, a periodic cell with a single droplet and surrounding
carrier fluid is used with a constant driving force. A dynamically refining mesh is used
which refines near the interface of the two phases so that lower capillary numbers can be
achieved. This section will cover the details of the model along with the convergence of the
simulation.
3.1.1 Governing Equations
The governing equations used for the pressure-driven flow and the rotation-driven flow
are the same except that the rotation-driven flow needs additional body forces due to the
centrifugal and Coriolis forces.
3.1.1.1 Pressure-Driven Flow
The first of the governing equations for predicting the flow of a train of droplets in
a square channel is the continuity equation (Equation 3.1) [37]. In Equation 3.1, time is
t′, the local volume fraction is α, and the velocity field is ~v ′. Prime is used to denote
non-dimensionalization using an unknown characteristic velocity wch which will be scaled
out of the results after the actual superficial velocity J is calculated to replace it.
The local volume fraction is used in the volume of fluid (VOF) method to model
multiphase flow [38]. If a cell is full of only the droplet phase, αD = 1 and if it is full of
the carrier phase then αC = 1. Using this method, the fluid properties for each volume
can be found using a volume weighted sum of the properties. Those averaged properties
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can then be used in the momentum equation instead of solving the equation for each phase
separately.
Equation 3.1, along with the other governing equations, are made dimensionless using
wch for velocities, D for lengths, P
′ = PD
µCwch
for pressure, and t′ = twch
D
for time. wch is
a characteristic velocity based on the input properties. The local volume fraction of the
second phase can be found by Equation 3.2.
∂αD
∂t′
+∇ · αD~v ′ = 0 (3.1)
αC + αD = 1 (3.2)
Equation 3.3 shows the momentum equation for the non-rotating case. The surface
tension model used is the continuum surface force (CSF) model calculated using the body
force with the capillary number in it [39]. The curvature is symbolized by k.
Re′(αC + γαD)[
∂~v ′
∂t′
+ (~v ′ · ∇)~v ′] =
−∇P ′ + (αC + καD)∇2~v ′ + 2(αDγ + αC)k∇αC
Ca′(1 + γ)
(3.3)
3.1.1.2 Rotation-Driven Flow
For the rotating case, the equations are solved in a rotating reference frame, so addi-
tional fictitious forces are added. Equation 3.1 remains the same as there are no additional
mass sources. Equation 3.4 shows the momentum equation for the rotating case where
additional body force terms are added to account for the centrifugal and Coriolis forces.
Re′(αC + γαD)[
∂~v ′
∂t′
+ (~v ′ · ∇)~v ′] = −∇P ′ + (αC + καD)∇2~v ′ + 2(αDγ + αC)k∇αC
Ca′(1 + γ)
+ [
2(αDγ + αC)v
′
Ekz
− 2(αDγ + αC)w
′
Eky
]ˆi+ [−2(αDγ + αC)u
′
Ekz
+
2(αDγ + αC)w
′
Ekx
]jˆ
+ [
Eo(αDγ + αC)
Ca′(1− γ) +
2(αDγ + αC)u
′
Eky
− 2(αDγ + αC)v
′
Ekx
]kˆ (3.4)
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The centrifugal force is given by the Eo¨tvo¨s number (Eo) term. The same body force
term in dimensional form would be (ρCαC + ρDαD)Ω
2R. The Coriolis force is given by the
Ekman number (Ek) terms. In dimensional form, the body force is −2(ρCαC+ρDαD)~Ω×~v.
In Equation 3.4, the Ekman numbers are given direction subscripts based their direction of
rotation. The definition of each Ekman number is as follows: Ekx =
µC
D2ΩxρC
, Eky =
µC
D2ΩyρC
,
and Ekz =
µC
D2ΩzρC
. Only one axis of rotation, the y∗-axis, is used for the simulations in
this report, so from hereafter, only Ek = Eky will be used.
3.1.1.3 Re-scaling
Since the governing equations were non-dimensionalized using an unknown character-
istic velocity, wch, they need to be re-scaled using a more significant velocity. For the
significant velocity, the total superficial velocity, J , was chosen. The non-dimensional pres-
sure gradient imposed upon the flow was chosen to be the same magnitude as a single phase
solution of flow in a square duct as this would produce use a characteristic velocity, wch,
similar to the total superficial velocity, J . In order to re-scale the problem, the average
velocity must be calculated from the simulation data, which yields J ′ which is given by
Equation 3.5.
J ′ =
J
wch
(3.5)
J ′ can be used to transform all values non-dimensionlized using the characteristic ve-
locity, wch to values non-dimensionalized by J . Equation 3.6 to 3.11 shows how to re-scale
to get t∗, P ∗, Ret, Cat, ~v ∗, and dP
∗
dz∗ tp.
t∗ = t′J ′ =
twch
D
J
wch
=
tJ
D
(3.6)
P ∗ =
P ′
J ′
=
PD
µCwch
wch
J
=
PD
µCJ
(3.7)
Ret = Re
′J ′ =
ρCDwch
µC
J
wch
=
ρCDJ
µC
(3.8)
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Cat = Ca
′J ′ =
µCwch
σ
J
wch
=
µCJ
σ
(3.9)
~v ∗ = ~v ′
wch
J
=
~v
J
(3.10)
dP ∗
dz∗ tp
=
dP ′
dz′
J ′
=
dP
dz
D2
µCJ
(3.11)
The relative pressure drop can be found using Equation 3.12. By virtue of the problem
having an analytic solution for the single phase case and imposing that non-dimensional
pressure gradient for the two phase case (dP
′
dz′ =
dP ∗
dz∗ sp), the relative pressure drop can be
found by Equation 3.13.
φ2 =
dP
dz tp
dP
dz sp,C
=
dP ∗
dz∗ tp
dP ∗
dz∗ sp
J
jC
(3.12)
φ2 =
wch
jC
=
1
j′C
(3.13)
3.1.2 Simulation Geometry and Boundary Conditions
An example of simulation geometry is shown in Figure 3.1. The computational geom-
etry used is always in the shape of the square duct, but depending on the simulation, the
boundary conditions may change. For the cases where the Coriolis force is not present,
the droplet is assumed to stay in the center of the channel in order to take advantage of
symmetry to decrease the size of the domain. Two symmetry planes are located along the
central axes of the duct in order to only use a quarter of the geometry.
+z∗
+y∗
+x∗
Figure 3.1: Geometry for the simulation
The boundary conditions for a simulation using a one-fourth geometry are shown in
Figure 3.2. The outer boundaries of the channel are modeled as walls and the inner bound-
aries are modeled as symmetry planes. The inlet and outlet of the channel are treated as
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periodic planes. When the full geometry must be utilized, the symmetry boundaries are
changed to wall boundaries. The full geometry is used for the simulations that model the
Coriolis force as it breaks the symmetry of the problem.
Wall
Symmetry
Symmetry Wall
+x∗
+y∗
Wall
Symmetry
Periodic Periodic
+z∗
+y∗
Figure 3.2: Boundary conditions for the simulation
The walls do not move and a no-slip condition is upheld where the velocity at the
wall is equal to zero (Equation 3.14). For the symmetry boundary the gradient normal
to the symmetry plane is assumed to be zero for all quantities. Equation 3.15 shows this
mathematically where n is the direction normal to the boundary and θ is any quantity.
The velocity normal to the symmetry plane is also zero at the symmetry plane.
~v ∗(at wall boundary) = 0 (3.14)
∂θ
∂n
(at symmetry boundary) = 0 (3.15)
For the periodic boundaries, the velocity is equal for the same x∗ and y∗ position on
each of the boundaries (Equation 3.16) and the pressure drop over each periodic segment is
the equivalent (Equation 3.17) [37]. The periodic boundaries are used to obtain an assumed
steady-state condition.
~v ∗(z∗) = ~v ∗(z∗ + λ) = ~v ∗(z∗ + 2λ) = ... (3.16)
∆P ∗ = P ∗(z∗)− P ∗(z∗ + λ) = P ∗(z∗ + λ)− P ∗(z∗ + 2λ) = ... (3.17)
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In order to drive the flow, a pressure gradient is imposed. It was set equal to the non-
dimensional pressure gradient, -28.4541, which was found for the single phase case using
Equation 2.12. The reason this value was used is so that the chosen inputs Re′ and Ca′
are close to the output Ret and Cat.
3.1.3 Mesh
At lower capillary values, the droplet phase will become more compressed decreasing
the film thickness near the wall. In order to properly simulation droplets at lower capillary
numbers, the mesh needs to be fine enough near the thin film. This model uses a a mesh that
refines along the droplet interface to reach lower capillary numbers. The base mesh uses
cubic elements with sides of 0.025. Hexahedral cells were used as they are more accurate
than tetrahedral cells for calculating the surface tension in ANSYS Fluent [37]. The mesh
is refined along the interface of the droplet using a hanging mesh adaption. Figure 3.3
shows an example of mesh refinement along the interface of the droplet.
Figure 3.3: Example of mesh refinement along the interface of the droplet, contour of
volume fraction of the droplet is shown along a symmetry plane
Each level of refinement splits a cubic cell of the base mesh into eight equivalent cubic
cells. Only two levels of refinement are utilized as there is a bug in Fluent 15.0 that
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causes the program to crash when variable refinement is used with other models that this
simulation uses. This bug was logged with the developers of Fluent and they intend to fix
it in later releases. The mesh is also coarsened away from the interface so that the mesh
does not continue to grow greatly in size over time.
The adaption of the interface is performed by using the curvature method of the nor-
malized gradient of the volume fraction. The adaption and coarsening thresholds were both
chosen to be 1e-5 in order to ensure that the interface would stay refined.
Due to another issue with Fluent 15.0, if the mesh is coarsened along the periodic
boundary, the program will crash. In order to get around this issue, there is a buffer along
each periodic boundary that extends 0.10 in the z∗ direction from the periodic boundaries
(which is four coarse cells long) where no coarsening is allowed as shown in Figure 3.4 which
shows a mesh after the droplet passed through the periodic boundary several times. The
dynamic refinement and coarsening is performed at each timestep using a macro.
Figure 3.4: Example of buffer zones near periodic boundaries where coarsening is not
allowed, mesh is shown on right symmetry plane and one of the periodic boundaries
3.1.4 Settings
In Fluent, a finite-volume solver is used in which pressure and velocity are both stored
at the center of a cell [37]. For these simulations, values from the cell center are interpolated
using a second-order upwind scheme. The pressure staggering option (PRESTO!) is used
to interpolate the pressure values. Temporal discretization is achieved using a first order
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implicit approach. Gradients are computed using a least squares cell-based approach. An
explicit volume of fluid method is used. Fluent was run in double-precision mode in order
to reduce roundoff error.
For the interpolation near the interface, the simulations use a geometric reconstruction
scheme which is an explicit scheme. The geo-reconstruct scheme assumes that the interface
has a linear profile [37]. Figure 3.5 shows a semicircle on a 4x2 cell mesh. The semi-circle
is constructed using a piecewise-linear dotted line in the same way as the geo-reconstruct
scheme.
Figure 3.5: Geo-reconstruction (shown using a dotted line) of a semi-circle on a 4x2 grid
For the rotating simulations, the centrifugal and Coriolis forces are added as sources
using a user-defined function.
Most simulations were initialized with a droplet phase composed of a cylinder with
spherical caps on the ends. Simulations using smaller droplet sizes were sometimes initial-
ized using just a sphere for the droplet. These simulations used were initialized using a
uniform non-dimensional velocity field with a magnitude of one. Other simulations were
initialized using a previous simulation solution.
To determine when the simulation has reached steady-state condition, the mobility,
wD
J
, is recorded at each timestep using a user-defined function (UDF). The mobility will
change the most at the beginning of the simulation and later on, the mobility curve over
time will become nearly horizontal. If the mobility is plotted over at least five hundred
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timesteps and does not change more than around 0.005 over time, then the simulation is
considered converged. The standard deviation in the mobility and relative pressure drop
over five hundred timesteps can be seen in the tabular data located in the Appendix.
The values used for the results section for the mobility and relative pressure drop are
averaged over the last five hundred timesteps with standard deviation for error bars. As
the droplet length, corner deformation, film thickness are not calculated at each timestep,
the same error bars are not used for that data as they are not available. The values are
calculated from the last available full data file which is saved every hundred timesteps.
3.1.5 Solvers
Two different solver methods were used for the simulations in this paper. The first
solver, fractional-step, was initially used due to its speed advantages over the other solvers
available in ANSYS Fluent 15.0. It was later found that the fractional-step model had a
discontinuity in the curvature of the interface on the symmetry boundary for converged
simulations.
Due to these non-physical effects, the converged fractional-step solution was used to
initialize a separate simulation using the coupled solver which produced more physical
results. Figure 3.6 shows the difference between the droplet shape using the fractional step
model and the coupled model. Along the symmetry boundary (y∗ = 0), the curvature
at the interface for the fractional-step solver is discontinuous. If the surface tension was
properly accounted for on the symmetry plane, the interface would be normal to the plane
of symmetry. The droplet is also shorter for the coupled model and more rounded.
Interactions with ANSYS support on the issue seem to show that the condition occurs
due to the use the fractional-step solver along with the CSF model for surface tension and
symmetry boundaries. It is not yet understood the full reasons on why this issue occurs.
As the fractional-step solution is only used as an initial solution to the coupled solver
simulation, the symmetry issue should not have an effect on the results presented.
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Figure 3.6: Difference between droplet shapes for fractional step and coupled solver for
1/4 grid, the droplet is plotted along one of the symmetry planes (D∗eq = 0.91, λ = 4,
Re′ = 0.01, Ca′ = 0.8, γ = 0.56, κ = 0.53)
The simulations with Coriolis forces were run on the full grid, without symmetry planes,
with the fractional-step solver. In order to verify that the simulations run on the full
grid were not considerably affected, a comparison was done between a one-fourth grid
with the coupled solver and a full grid with the fractional-step solver. Table 3.1 shows
the values obtained for the mobility, droplet length, pressure drop, and minimum film
thickness at different conditions for the two simulation setups. The maximum percent
differences between the two types of simulations were 0.6% for the mobility, 2.4% for the
droplet length, 1% for the pressure drop, and 3% for the film thickness. This shows that
the full grid can be used in conjunction with the fractional-step solver without issue.
Table 3.1: Comparison between fractional-step full grid and coupled 1/4 grid (D∗eq = 0.73,
λ = 4, γ = 0.56, κ = 0.53, Ret = 0.01)
1/4 Grid, Coupled Full, Fractional-Step
Cat
wD
J
Dz φ
2 δmin
wD
J
Dz φ
2 δmin
2 · 10−2 1.730 0.726 1.10 0.136 1.721 0.735 1.11 0.138
2.49 · 10−2 1.731 0.726 1.10 0.136 1.723 0.735 1.10 0.138
3.33 · 10−2 1.732 0.727 1.10 0.136 1.728 0.736 1.10 0.139
4 · 10−2 1.733 0.728 1.10 0.136 1.731 0.737 1.10 0.139
4.99 · 10−2 1.732 0.728 1.10 0.137 1.734 0.738 1.10 0.139
6.66 · 10−2 1.734 0.730 1.10 0.137 1.738 0.741 1.10 0.140
9.98 · 10−2 1.738 0.735 1.10 0.139 1.747 0.747 1.10 0.143
0.125 1.742 0.741 1.10 0.140 1.749 0.751 1.10 0.142
0.334 1.800 0.817 1.10 0.160 1.812 0.837 1.10 0.164
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Figure 3.7 shows the droplet shape along the central axis for the lowest capillary number
compared in Table 3.1. The figure shows that the fractional step solver with the full grid
produces a shape close to the coupled solver with the quarter grid. The fractional-step
solver with the quarter grid is shown as well and it produces a much different shape. These
simulations indicate that the fractional-step solver with the full grid can produce similar
results to the coupled solver with the one-fourth grid. All of the simulations that have been
run with a full grid use the fractional-step solver. The rest of the simulations were run on
a one-fourth grid and with the coupled solver.
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Figure 3.7: Dependence of solver on droplet shape for full and 1/4 grid, droplet is plotted
along one of the symmetry planes (Deq = 0.726, λ = 4, Ret = 0.01, Cat = 0.334, γ = 0.56,
κ = 0.53)
3.2 Convergence
In order to assess the convergence of the simulations, three different convergence studies
were performed. The first was a spatial convergence study, where the mesh size and type
was varied to see if the mesh is adequate. The second convergence study was an iterative
convergence study, where the condition for convergence at each timestep was varied. The
third convergence study was a temporal convergence study where the timestep was varied
using the Courant number.
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For each convergence study, three different cases were studied where each case has the
same input parameters. The input parameters for each case are shown in Table 3.2.
Table 3.2: Input parameters for convergence studies
Case D∗eq λ γ κ Re
′ Ca′ ∂P
∗
∂z∗
1 0.551 1.75 0.56 0.530 1 · 10−2 0.333 28.450
2 1.152 4.00 0.56 2.1 · 10−2 1 · 10−2 0.100 28.450
3 0.914 4.00 0.56 0.530 300.000 5 · 10−2 28.450
3.2.1 Spatial Convergence
For the spatial convergence, five different meshes were used. The coarse mesh has no
refinement and uses a mesh with cubic elements of length 0.025. All of the other meshes
use the coarse mesh as a base. The mesh is either refined totally in which all cells are
refined or refined using mesh adaption where only the cells near the interface of the droplet
are refined. For each case, the equivalent droplet diameter, the Reynolds number, the
capillary number, the mobility, droplet length, pressure drop, and minimum film thickness
are compared to determine the difference between the meshes. The shape of the droplet is
also compared for each case.
These simulations were all performed with an iterative convergence criteria of 1e-3 and
Courant number of 0.25.
3.2.1.1 Case 1
Table 3.3 lists the simulation outputs for the spatial convergence simulations for the
first case. The values for all of the parameters are close together. The output variable
which shows the greatest change is the minimum film thickness with a maximum percent
difference of 1.71%.
The dependence of the droplet shape on refinement is shown in Figure 3.8. There are
little differences between the levels of refinement plotted. For this case, any of the meshes
would be viable for a converged simulation. The coarse mesh would be the best option
under these conditions as this simulation takes the least amount of computational time.
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Table 3.3: Spatial convergence for case 1 (λ = 1.75, γ = 0.56, κ = 0.53)
Refinement D∗eq Ret Cat
wD
J
Dz φ
2 δmin
Coarse 0.549 1 · 10−2 0.334 1.914 0.561 1.10 0.229
Once Total 0.550 1 · 10−2 0.333 1.915 0.562 1.11 0.227
Twice Total 0.551 1 · 10−2 0.333 1.913 0.560 1.11 0.225
Once Adaptive 0.551 1 · 10−2 0.334 1.916 0.564 1.10 0.228
Twice Adaptive 0.551 1 · 10−2 0.334 1.915 0.563 1.10 0.227
Max %∆ 0.300 0.270 0.270 0.140 0.740 0.32 1.710
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Figure 3.8: Dependence of droplet shape on refinement for case 1
3.2.1.2 Case 2
Table 3.4 lists the simulation outputs for the spatial convergence simulations for the
second case. For this case, the values are close as well. The maximum percent difference
for each output is listed at the bottom of the table. The maximum percent difference for
the film thickness in this case is higher at 3.68%.
Table 3.4: Spatial convergence for case 2 (λ = 4, γ = 0.56, κ = 0.021)
Refinement D∗eq Ret Cat
wD
J
Dz φ
2 δmin
Coarse 1.153 1.26 · 10−2 0.126 1.705 1.750 1.21 6.9 · 10−2
Once Total 1.151 1.25 · 10−2 0.125 1.701 1.739 1.21 6.79 · 10−2
Twice Total 1.152 1.25 · 10−2 0.125 1.698 1.741 1.21 6.73 · 10−2
Once Adaptive 1.151 1.25 · 10−2 0.125 1.696 1.738 1.21 6.73 · 10−2
Twice Adaptive 1.152 1.25 · 10−2 0.126 1.694 1.738 1.21 6.65 · 10−2
Max %∆ 0.190 0.520 0.520 0.690 0.710 0.23 3.680
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Figure 3.9 shows the dependence of the droplet shape on refinement for the second
case. The shapes for the coarse mesh, the twice totally refined mesh, and the twice variably
refined mesh do not show significant differences. For this case as well, any of the refinements
would be viable. For this case as well, the coarse mesh would be the best choice due to the
decreased computational resources.
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Figure 3.9: Dependence of droplet shape on refinement for case 2
3.2.1.3 Case 3
Table 3.5 lists the simulation outputs for the spatial convergence simulations for the
second case. For this case, the values are close as well. The maximum percent difference
for each output is listed at the bottom of the table. The maximum percent difference for
the film thickness in this case is higher at 9.62%.
Table 3.5: Spatial convergence for case 3 (λ = 4, γ = 0.56, κ = 0.53)
Refinement D∗eq Ret Cat
wD
J
Dz φ
2 δmin
Once Total 0.915 252 4.19 · 10−2 1.325 0.934 1.38 2.54 · 10−2
Twice Total 0.914 252 4.2 · 10−2 1.325 0.931 1.37 2.42 · 10−2
Once Adaptive 0.914 253 4.22 · 10−2 1.325 0.930 1.37 2.51 · 10−2
Twice Adaptive 0.914 252 4.21 · 10−2 1.323 0.925 1.37 2.31 · 10−2
Max %∆ 4 · 10−2 5 · 10−1 0.510 0.190 0.960 0.52 9.620
Figure 3.10 shows the dependence of the droplet shape on refinement for the second
case. The shapes for the once totally refined mesh, the twice totally refined mesh, and
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the twice variably refined mesh do not show large differences. For this case, any of the
refinements would be viable. The once variably refinement mesh would be the best choice.
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Figure 3.10: Dependence of droplet shape on refinement for case 3
3.2.1.4 Mesh Selection
As a finer mesh is needed on the interface to achieve smaller film thicknesses, the twice
variable refined mesh was chosen to run all of the simulations. The mesh is able to produce
results comparable to the twice totally refined mesh in much less time.
3.2.2 Iterative Convergence
For the iterative convergence, four different convergence criteria were tested in order
to determine convergence for the three cases. When the iterative convergence criteria is
said to change, it means that four residual criteria are changed within Fluent: continuity,
x∗-velocity, y∗-velocity, and z∗-velocity.
These simulations were all performed with a twice adapted mesh and a Courant number
of 0.25.
3.2.2.1 Case 1
Table 3.6 lists the simulation outputs for the iterative convergence simulations for the
first case. The iterative convergence criteria is abbreviated as CC in the table. There is very
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little difference between any of the outputs. The output variable which shows the greatest
change is the minimum film thickness with a maximum percent difference of 0.67%.
Table 3.6: Iterative convergence for case 1 (λ = 1.75, γ = 0.56, κ = 0.53)
CC D∗eq Ret Cat
wD
J
Dz φ
2 δmin
1.00E-01 0.551 1 · 10−2 0.334 1.912 0.564 1.10 0.226
1.00E-02 0.551 1 · 10−2 0.334 1.912 0.564 1.10 0.226
1.00E-03 0.551 1 · 10−2 0.334 1.915 0.563 1.10 0.227
1.00E-05 0.551 1 · 10−2 0.334 1.916 0.565 1.10 0.228
Max %∆ 1 · 10−2 3 · 10−2 3 · 10−2 0.190 0.280 5 · 10−2 0.670
Figure 3.11 shows the dependence of the droplet shape on iterative convergence criteria
for the first case. The shapes for all of the convergence criteria overlap. For this case, any
of the iterative convergence criteria tested would be viable.
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Figure 3.11: Dependence of droplet shape on iterative convergence criteria for case 1
3.2.2.2 Case 2
Table 3.7 lists the simulation outputs for the iterative convergence simulations for the
second case. There is very little difference between any of the outputs. The output variable
which shows the greatest change is the minimum film thickness with a maximum percent
difference of 2.04%.
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Table 3.7: Iterative convergence for case 2 (λ = 4, γ = 0.56, κ = 0.021)
CC D∗eq Ret Cat
wD
J
Dz φ
2 δmin
1.00E-01 1.152 1.25 · 10−2 0.125 1.686 1.733 1.21 6.51 · 10−2
1.00E-02 1.152 1.25 · 10−2 0.125 1.69 1.736 1.21 6.57 · 10−2
1.00E-03 1.152 1.25 · 10−2 0.126 1.694 1.738 1.21 6.65 · 10−2
1.00E-05 1.152 1.25 · 10−2 0.126 1.693 1.738 1.21 6.62 · 10−2
Max %∆ 2 · 10−2 0.28 0.28 0.46 0.290 8 · 10−2 2.040
Figure 3.12 shows the dependence of the droplet shape on iterative convergence criteria
for the second case. For this case as well, the shapes for all of the convergence criteria
overlap. Again, any of the iterative convergence criteria tested would be viable.
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Figure 3.12: Dependence of droplet shape on iterative convergence criteria for case 2
3.2.2.3 Case 3
Table 3.8 lists the simulation outputs for the iterative convergence simulations for the
third case. The output variable which shows the greatest change is the minimum film
thickness with a maximum percent difference of 1.59%.
Table 3.8: Iterative convergence for case 3 (λ = 4, γ = 0.56, κ = 0.53)
CC D∗eq Ret Cat
wD
J
Dz φ
2 δmin
1.00E-01 0.914 252 4.2 · 10−2 1.323 0.932 1.37 2.27 · 10−2
1.00E-02 0.914 252 4.2 · 10−2 1.323 0.925 1.37 2.31 · 10−2
1.00E-03 0.914 252 4.21 · 10−2 1.323 0.925 1.37 2.31 · 10−2
1.00E-05 0.914 252 4.2 · 10−2 1.322 0.925 1.37 2.31 · 10−2
Max %∆ 1 · 10−2 2 · 10−1 0.200 2 · 10−2 0.810 0.21 1.590
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Figure 3.13 shows the dependence of the droplet shape on iterative convergence criteria
for the third case. The shapes for the all of the convergence criteria overlap. For this case,
any of the iterative convergence criteria tested would be viable choice.
−0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
0.1
0.2
0.3
0.4
0.5
z*
y
*
Dependence of Droplet Shape on Iterative Convergence Criteria - Case 3
CC = 1e-1 CC = 1e-3 CC = 1e-5
Figure 3.13: Dependence of droplet shape on Courant number for case 3
3.2.2.4 Iterative Convergence Criteria Selection
All of the convergence criteria tested offer converged solutions, but a lower iterative
convergence criteria of 1e-3 as selected as a conservative choice to to ensure convergence
for all cases. The Fluent manual also recommends this iterative convergence criteria [40].
3.2.3 Temporal Convergence
Since a variable time-stepping scheme is used for these simulations, the magnitude of
the timestep is dependent on the Courant number (or the Courant-Friedrichs-Lewy (CFL)
condition). The dependence of the timestep on the Courant number is shown in Equation
3.18 [40].
∆t∗ =
Courant
max(
∑ outgoing fluxes in cell
cell volume
)
(3.18)
In order to see that the timestep was low enough, the Courant number was varied and
its effect on the output parameters was determined. These simulations were all performed
with an iterative convergence criteria of 1e-3 and twice variably refined mesh.
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3.2.3.1 Case 1
Table 3.9 lists the simulation outputs for the temporal convergence simulations for the
first case. There is very little difference between any of the outputs. The output variable
which shows the greatest change is the minimum film thickness with a maximum percent
difference of 0.69%.
Table 3.9: Temporal convergence for case 1 (λ = 1.75, γ = 0.56, κ = 0.53)
Courant D∗eq Ret Cat
wD
J
Dz φ
2 δmin
1.00E-02 0.551 1 · 10−2 0.334 1.916 0.565 1.11 0.228
1.00E-01 0.551 1 · 10−2 0.334 1.915 0.565 1.11 0.228
2.50E-01 0.551 1 · 10−2 0.334 1.915 0.563 1.10 0.227
5.00E-01 0.551 1 · 10−2 0.334 1.914 0.563 1.10 0.227
1 0.551 1 · 10−2 0.334 1.914 0.563 1.10 0.227
Max %∆ 5 · 10−2 9 · 10−2 9 · 10−2 8 · 10−2 0.470 9 · 10−2 0.690
Figure 3.14 shows the dependence of the droplet shape on the Courant number for the
first case. The shapes for all of the Courant numbers overlap. For this case, any of the
Courant numbers could be used.
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Figure 3.14: Dependence of droplet shape on Courant number for case 1
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3.2.3.2 Case 2
Table 3.10 lists the simulation outputs for the temporal convergence simulations for the
second case. The differences between the simulation results are small. The output variable
which shows the greatest change is the minimum film thickness with a maximum percent
difference of 1.18%.
Table 3.10: Temporal convergence for case 2 (λ = 4, γ = 0.56, κ = 0.021)
Courant D∗eq Ret Cat
wD
J
Dz φ
2 δmin
1.00E-01 1.152 1.26 · 10−2 0.126 1.695 1.739 1.21 6.66 · 10−2
2.50E-01 1.152 1.25 · 10−2 0.126 1.694 1.738 1.21 6.65 · 10−2
5.00E-01 1.152 1.26 · 10−2 0.126 1.693 1.737 1.20 6.62 · 10−2
1 1.152 1.25 · 10−2 0.126 1.690 1.736 1.20 6.58 · 10−2
Max %∆ 1 · 10−2 0.130 0.130 0.290 0.170 0.12 1.180
Figure 3.15 shows the dependence of the droplet shape on iterative convergence criteria
for the second case. For this case as well, the shapes for all of the Courant numbers overlap.
Again, any of the Courant numbers tested would be viable.
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Figure 3.15: Dependence of droplet shape on Courant number for case 2
3.2.3.3 Case 3
Table 3.11 lists the simulation outputs for the temporal convergence simulations for the
third case. There is very little difference between any of the outputs. The output variable
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which shows the greatest change is the minimum film thickness with a maximum percent
difference of 1.79%.
Table 3.11: Temporal convergence for case 3 (λ = 4, γ = 0.56, κ = 0.53)
Courant D∗eq Ret Cat
wD
J
Dz φ
2 δmin
1.00E-02 0.914 252 4.2 · 10−2 1.325 0.930 1.37 2.32 · 10−2
1.00E-01 0.914 252 4.2 · 10−2 1.323 0.925 1.37 2.3 · 10−2
2.50E-01 0.914 252 4.21 · 10−2 1.323 0.925 1.37 2.31 · 10−2
5.00E-01 0.914 254 4.23 · 10−2 1.323 0.928 1.36 2.32 · 10−2
1 0.914 255 4.25 · 10−2 1.326 0.933 1.36 2.34 · 10−2
Max %∆ 0.000 1 1.120 0.240 0.910 1.11 1.790
Figure 3.16 shows the dependence of the droplet shape on the Courant number for the
third case. Once again, the shapes for all of the Courant numbers overlap. For this case,
any of the Courant numbers could be used.
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Figure 3.16: Dependence of droplet shape on Courant number for case 3
3.2.3.4 Courant Number Selection
A Courant number of 0.25 was chosen as the differences between the Courant numbers
tested were not large and a higher Courant number decreases simulation time.
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Chapter 4
Pressure-Driven Segmented Flow in a
Square Channel
The simulation results presented in this section are for pressure-driven droplet flows on
a non-rotating platform. Most of the results presented correspond to liquid-liquid flows,
using the density ratio and viscosity ratio values (γ = 0.56, and κ = 0.53) used by Kim et
al. for deionized water and a perfluorocarbon mixture [41]. The cases which should be of
interest for lab-on-a-chip applications are the low Reynolds number (Ret < 1), low Capillary
number (Cat  1), and low droplet size (D∗eq < 1) cases. Some results, particularly in the
viscosity ratio and density ratio dependency sections, present results for gas-liquid flows
which are much more commonly studied in literature.
Results from a few simulations are first verified by comparing to published simulations
results. After this, simulations are presented which study the dependence of the flow on
Capillary number, Reynolds number, droplet size, droplet spacing, viscosity ratio, and
density ratio. Tabular data for all cases can be found in the Appendix.
4.1 Verification
Table 4.1 shows data from a study by Wang and Dimitrakopoulos that were obtained
computationally using a spectral boundary element method [1]. The data is compared to
a similar data from this study, except Wang and Dimitrakopoulos use a single droplet and
small changes to the viscosity ratio and Reynolds number. Note that the mobility data
from the study of Wang and Dimitrakopoulos was pulled from a graph, so there may be
some small error associated with that process. The mobility values for the two studies show
a 0.65 % difference.
Figure 4.1 compares the droplet shape at another design point (D∗eq = 0.8, Cat = 0.1,
κ = 0.5). For Wang and Dimitrakopoulos, this shape was obtained with a single droplet
(λ = ∞) and a density ratio of γ = 1. For this study, it was obtained with λ = 4 and
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Table 4.1: Comparison to Wang and Dimitrakopoulos [1]
Case D∗eq λ γ κ Ret Cat
wD
J
Wang and Dimitrakopoulos 0.914 Single Droplet 1.00 0.500  1 0.1 1.54
Current Study 0.914 4 0.56 0.530 0.0098 0.1 1.53
γ = 0.56. This data was also pulled from a graph. Good agreement is shown between the
results, so the simulation is solving the equations correctly.
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Figure 4.1: Droplet shape comparison to Wang and Dimitrakopoulos (D∗eq = 0.8, Cat = 0.1,
κ = 0.5) [1]
4.2 Capillary Number Dependence
In order to understand the role of the surface tension on the flow of droplets through
square ducts, simulations were run holding all parameters except the capillary number
constant for four different droplet sizes. The input parameters for each simulation group
are shown in Table 4.2. The variation in droplet size allows the simulations to reach into two
different segmented flow topologies: one being smaller droplet flows where the equivalent
droplet diameter is less than the channel diameter (D∗eq < 1) and the other being larger
droplet flows where the reverse is true (D∗eq > 1).
Using these inputs, the output Reynolds number varies by a small amount for each
simulation depending on the capillary number input. The average Reynolds number for
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Table 4.2: Input properties for capillary number dependence simulations
D∗eq λ γ κ Re
′ Ca′ We′
0.73 4 0.56 0.53 1 · 10−2 0.020 to 0.333 0.00020 to 0.00333
0.91 4 0.56 0.53 1 · 10−2 0.020 to 0.800 0.00020 to 0.00800
1.15 4 0.56 0.53 1 · 10−2 0.033 to 0.800 0.00033 to 0.00800
1.32 4 0.56 0.53 1 · 10−2 0.033 to 0.500 0.00033 to 0.00500
the simulations was Ret = 0.0100±0.1% for D∗eq = 0.73, Ret = 0.0100±2% for D∗eq = 0.91,
Ret = 0.0101± 5% for D∗eq = 1.15, and Ret = 0.0104± 6% for D∗eq = 1.32. It will be shown
later in the Reynolds number dependence study that these small variations have negligible
influence on the flow under these conditions.
The low capillary number results for small droplet sizes (D∗eq < 1) should be of interest
for lab-on-a-chip applications. Tabular data for this study can be found in the Appendix
in Tables A.1 to A.4.
4.2.1 Flow Field
Streamlines for the case whereD∗eq = 0.73 at three different capillary numbers are shown
in Figure 4.2. The figure shows that the droplet becomes more spherical as the capillary
number decreases. At higher capillary numbers, the viscous forces become stronger than
the surface tension and the droplet becomes more tapered.
Figure 4.2: Streamline plot of flow overlaid on a phase contour plot for the center axis for
D∗eq = 0.73, λ = 4, Ret = 0.01, γ = 0.56, and κ = 0.53 at varying capillary numbers
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The streamlines show that there is recirculation within the droplet and the carrier fluid.
For the droplet size D∗eq = 0.73, only recirculating flow was observed in the carrier fluid for
all capillary numbers. As the capillary number increases, the vortex inside the front of the
droplet appears to increase in size. For this case, simulations could have been run at higher
capillary numbers, but computing resources were instead used for the higher droplet sizes.
Figure 4.3 shows a phase contour plot of the channel with a streamline plot overlaid
for D∗eq = 0.91. Again, the droplet becomes more spherical at lower capillary numbers and
more tapered at higher capillary numbers. For larger capillary numbers, a re-entrant cavity
develops as observed by Goldsmith and Mason for flow in circular channels [26]. For the
higher capillary droplet, there are additional vortices at both the head and tail.
Figure 4.3: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 0.91, λ = 4, Ret = 0.01, γ = 0.56, and κ = 0.53 at varying capillary numbers
For the droplet size D∗eq = 0.91, only recirculating carrier flow was observed for all
capillary numbers. The center of the vortex moves towards the center of the channel as
the capillary number increases. Additionally, the size of the recirculation vortex is also
smaller at higher capillary numbers. This is in agreement with Thulasidas et al., where it
is experimentally shown for bubble flows that the vortex center moves towards the center
of the channel with increasing capillary number [42].
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For the largest capillary number shown (Cat = 1.45), the recircirculating streamlines in
the carrier fluid are detached from the tail of the droplet. Similar detachment of streamlines
was reported in simulations of Giavedoni and Saita [24]. Additionally, they were reported
by Hazel and Heil for a square channel [3]. This detachment of the recirculating flow from
the droplet shows that the droplet is beginning its transition from recirculating flow to
bypass flow.
Figure 4.4 shows an example of what happens when the capillary number becomes too
high for D∗eq = 0.91. Over time, the tail of the bubble begins to stretch out into the flow
due to the weak surface tension in comparison with viscous forces. Olbricht and Kung
observed this jetting flow experimentally for circular channels [27]. Olbricht and Kung also
noted that the jet will break-up after a while. This jetting limits the range of Capillary
numbers that can be realized.
Figure 4.4: Streamline plot of jetting flow overlaid on a phase contour plot for the center
axis for D∗eq = 0.91, λ = 4, Ret = 0.01, γ = 0.56, and κ = 0.53 at different times
Streamlines for the case where D∗eq = 1.15 at three different capillary numbers are
shown in Figure 4.5. Since D∗eq > 1, there is no circumstance where the droplet can
form a perfect sphere due to the droplet’s confinement. Instead, the droplet forms a
spherical head and the droplet radius increases as it moves towards the tail until the
droplet terminates with another curved tail. An indention again forms in the droplet tail
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at higher capillary numbers. For the droplet size D∗eq = 1.15, the only flow pattern, once
again, was recirculating flow in the carrier fluid and the size of the recirculation once again
decreases with increasing capillary number. The largest capillary number flow also shows
the detachment of streamlines, indicating it is in the transition regime.
Figure 4.5: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 1.15, λ = 4, Ret = 0.01, γ = 0.56, and κ = 0.53 at varying capillary numbers
Figure 4.6 shows a phase contour plot of the channel with a streamline plot overlaid
for D∗eq = 1.32. The patterns are similar to the previous droplet size discussed. As the
capillary number increases, the droplet elongates. The recirculating vortex in the carrier
fluid moves towards the center and eventually detaches from the tail of the droplet.
For the highest capillary number for D∗eq = 1.32, Cat = 0.84 there is behavior that
was not present for the smaller droplet sizes. There appears to be a very small vortex
attached to the head of the droplet. For this case, the space between the droplets is also
drastically reduced. The droplet appears to be in a transitional regime, but it is unclear
what the cause of it is as there are two factors: the decrease in head to tail space between
the droplets and the higher capillary number. The transition from recirculating flow to
bypass flow usually occurs due to an increase in capillary number.
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Figure 4.6: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 1.32, λ = 4, Ret = 0.01, γ = 0.56, and κ = 0.53 at varying capillary numbers
4.2.2 Droplet Corner Deformation
The dependence of the corner deformation (χ) on capillary number at different droplet
sizes is shown in Figure 4.7. For droplets that do not show droplet deformation, the value
of χ will be very close to zero. The plot shows that for droplet sizes D∗eq = 1.32 and 1.15,
at low capillary numbers the droplets have a relatively large amount of deformation into
the corner. This occurs around Cat = 0.2. This corresponds to around CaD = 0.3 and can
be compared to the work of Hazel and Heil for a much lower viscosity ratio where corner
deformation was shown around CaD = 0.033 [3].
There is also some deformation at higher capillary numbers for Deq
∗ = 0.91. Hazel and
Heil also noted droplet deformation for some cases at higher capillary numbers. In this case,
it is odd though, since the same droplet size does not have a large corner deformation at
lower capillary numbers. Though, there seems to be a small increase in droplet deformation
in the area where the larger droplets (Deq > 1) deform. For this case, after the droplet
starts to deform, it may also start to become axi-symmetric again as Capillary number
increases. More data is needed to understand if there is a real trend here.
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Figure 4.7: Dependence of droplet corner deformation with capillary number at different
equivalent droplet diameters (λ = 4, Ret = 0.01, γ = 0.56, κ = 0.53)
4.2.3 Length of the Droplet
Figure 4.8 shows the dependence of the droplet length on capillary number for four
different droplet sizes. For all of the droplet sizes simulated, the droplet length increases
with capillary number.
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Figure 4.8: Dependence of droplet length on capillary number (λ = 4, Ret = 0.01, γ = 0.56,
κ = 0.53)
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For the two droplets where D∗eq < 1, the droplet length does not change by a large
amount at lower capillary numbers. The changes in droplet length with capillary number
are greater for larger droplet sizes, except when the droplet length nears the length of the
periodic cell as it does for Deq = 1.32 at larger capillary numbers where the slope of the
curve decreases.
The space between the head and tail of the droplet can be found by subtracting the
droplet spacing from the droplet length (λ − Dz). The smallest space between the head
and tail of a droplet is the same case where odd behavior in the streamlines occurs for D∗eq
(which can be seen in Figure 4.6). It may be possible to get an estimate of the capillary
number at which annular flow will occur by extrapolating the curves for D∗eq > 1 and
finding when the droplet length is the same size as the channel (Dz = λ).
4.2.4 Mobility
The dependence of the mobility with capillary number for four different droplet sizes
is shown in Figure 4.9. The mobility increases with capillary number for all droplet sizes.
Since the volume of the droplet moves away from the walls at higher capillary numbers, it
is able to achieve a greater velocity. The smallest droplet size shows the smallest change
with capillary number, which makes sense as it has less volume to move around. The three
larger droplet sizes follow the same curve for Cat > 0.15 showing that the relationship of
mobility with capillary number is mostly independent of droplet size for these conditions.
At larger capillary numbers, the larger droplet size (D∗eq = 1.32) shows a slight deviance
from the curve (between Cat = 0.5 and 0.6). This may be due to the small separation
distance between the droplets (which can be seen in Figure 4.6 for the largest capillary
number shown). The separation distance between droplets (λ − Dz) at that point is a
mere 0.23. Another possible explanation is that due to the flow seemingly undergoing
a transitional flow between full recirculation and bypass flow, this may lead to different
mobility behavior. More investigation is required to determine what is happening.
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Figure 4.9: Dependence of mobility on capillary number (λ = 4, Ret = 0.01, γ = 0.56,
κ = 0.53)
Except for the previously discussed case, the larger droplet sizes (D∗eq > 1) show almost
the same relationship between capillary number and mobility over the entire range of
capillary numbers simulated. A trend line is shown for D∗eq = 1.15, and is labeled as a
pressure-driven trend. This trend is found using equation 4.1 which has an r-squared value
of 0.9999.
wD
J
=
2.063Cat + 0.177
Cat + 0.1583
(4.1)
At larger capillary numbers, the change in mobility with capillary number decreases
and seems to be reaching an asymptotic value. This is in agreement with the work of Taylor
for which this occurred for circular channels [5].
4.2.5 Pressure Drop
Figure 4.10 shows how the capillary number influences the pressure drop for four differ-
ent droplet sizes. At the same capillary number, the pressure drop increases with droplet
size. For all droplet sizes, the pressure required to drive the flow is greater for the two phase
case than the single phase case. For D∗eq < 1, the change in pressure drop with capillary
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number is small. For the larger droplet size, as the capillary increases, the pressure drop
first decreases, then increases.
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Figure 4.10: Dependence of relative pressure drop on capillary number (λ = 4, Ret = 0.01,
γ = 0.56, κ = 0.53)
For D∗eq = 0.91, the relative pressure drop minimum occurs around Cat = 0.2. For
D∗eq = 1.15, the transition occurs around Cat = 0.1 and for D
∗
eq = 1.32, the transition
occurs around Cat = 0.07. This transition occurs around the same capillary number where
the droplet starts corner deformation. So, the transition in pressure drop is likely related
to the droplet corner deformation.
4.2.6 Film Thickness
Figure 4.11 shows the dependence on the minimum film thickness between the droplet
and the wall on capillary number for different droplet sizes. The film thickness increases
as the capillary number increases. The trends in the film thickness match the trends in
the mobility with capillary number. This is because for a larger film thickness the droplet
volume is closer to the center of the channel and can achieve higher velocities. As the film
thickness increases, the mobility also increases. So, the trends agree closely because the
film thickness and the mobility are closely related.
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Figure 4.11: Dependence of minimum film thickness on capillary number (λ = 4, Ret =
0.01, γ = 0.56, κ = 0.53)
A trend line is shown for D∗eq = 1.15 and is labeled as a pressure driven trend. This
trend is found using Equation 4.2 which has an r-squared value of 0.9995.
δmin =
0.3099Cat − 0.002754
Cat + 0.4485
(4.2)
4.2.7 Flow Ratio
Figure 4.12 shows the dependence of the carrier flow ratio on the capillary number for
four different droplet sizes. The flow ratio is directly related to the mobility and volume
fraction using Equation 2.8. The carrier flow ratio decreases as the droplet size increases.
At a set droplet size, the flow ratio also decreases as the capillary number increases and
appears to be approaching an asymptotic value. The flow ratio undergoes more changes
with capillary number for larger droplet sizes. For the capillary number dependence with
the droplet size, it appears that the mobility is a better choice for finding an equation (such
as Equation 4.1) as at larger droplet sizes, the mobility curves collapse. The flow ratio can
be found using Equation 2.8 if the volume fraction is known.
58
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0.4
0.5
0.6
0.7
0.8
0.9
1
Capillary Number (Cat)
F
lo
w
R
at
io
(β
C
)
Dependence of βC on Cat
D∗eq = 0.73 D
∗
eq = 0.91 D
∗
eq = 1.15 D
∗
eq = 1.32
Figure 4.12: Dependence of the carrier flow ratio on capillary number (λ = 4, Ret = 0.01,
γ = 0.56, κ = 0.53)
4.3 Reynolds Number Dependence
In order to determine the dependence of Reynolds number on a pressure driven droplet
train moving through a square microchannel, multiple cases were run at multiple droplet
diameters and capillary numbers where the only parameter changed was the Reynolds
number.
Table 4.2 shows the input parameters used for these simulations. For these simulations
two droplet sizes were used: one smaller than the size of the channel (D∗eq = 0.91) and
one larger than the size of the channel (D∗eq = 1.15). Three different capillary numbers
were chosen. The first is in a range where the droplet is deformed for larger droplet
sizes (Cat = 0.05). The second is around where the transition from a droplet deforming
into the corners to an axi-symmetric droplet shape (Cat = 0.10). The final capillary
number simulated is in a region far from where the low capillary corner deformation occurs
(Cat = 0.33). The capillary numbers found for the simulations were Cat = 0.34 ± 0.5%,
Cat = 0.10 ± 2.7%, and Cat = 0.050 ± 5.4% for D∗eq = 0.91. The capillary numbers for
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D∗eq = 1.15 were Cat = 0.35 ± 0.7%, Cat = 0.10 ± 2.6%, and Cat = 0.045 ± 4.6%. The
variation in capillary number will not have a large effect on the results.
Table 4.3: Input properties for Reynolds number dependence simulations
D∗eq λ γ κ Ca
′ Re′ We′
0.91 4 0.56 0.53 0.333 0.01 to 300 0.00333 to 100
0.91 4 0.56 0.53 0.1 0.01 to 300 0.001 to 30
0.91 4 0.56 0.53 5 · 10−2 0.01 to 300 0.0005 to 15
1.15 4 0.56 0.53 0.333 0.01 to 250 0.00333 to 83
1.15 4 0.56 0.53 0.1 0.01 to 300 0.001 to 30
1.15 4 0.56 0.53 5 · 10−2 0.01 to 300 0.0005 to 15
The low Reynolds number (Ret < 1), low capillary number, and low droplet size
(D∗eq < 1) results from this section should be applicable to lab-on-a-chip applications.
Tabular data for this study can be found in the Appendix in Tables A.5 to A.8.
4.3.1 Flow Field
Figure 4.13 shows a streamline plot for a center plane section of the channel with
varying Reynolds number for D∗eq = 0.91 and around Cat = 0.34. A vortex at the tip of the
droplet appears to be present in all three Reynolds numbers. At larger Reynolds numbers,
the droplet becomes longer and a dimple forms on the tail of the droplet.
Figure 4.13: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 0.91, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
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For the lowest Reynolds number case, the recirculation in the carrier fluid is detached
from the tail of the droplet. In the capillary dependence case, the streamlines detached
from the droplet tail at higher capillary numbers as the droplet elongated. As the Reynolds
number increases, the droplet also elongates but at the highest Reynolds number shown
(Ret = 301), the recirculation is attached to the droplet.
Figure 4.14 shows a streamline plot for a center plane section of the channel with
varying Reynolds number for D∗eq = 1.15 and around Cat = 0.34. The vortex in the front
of the droplet is still present for the larger droplet size and other features are also very
similar to the smaller droplet size at the same capillary number. The vortex in the carrier
fluid stays detached from the end of the droplet for this case, though.
Figure 4.14: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 1.15, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
Figure 4.15 shows a streamline plot for a center plane section of the channel with
varying Reynolds number for D∗eq = 0.91 and around Cat = 0.10. At this capillary number,
there is also another vortex at the tail of the droplet which grows in size with increasing
Capillary number. The vortex in the carrier fluid stays attached to the droplet. A bump
also forms at the tail of the droplet for higher Reynolds numbers, but since the capillary
number is higher for this case, the shape formed is different.
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Figure 4.15: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 0.91, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
The shape of the droplet at Ret = 93 is in the shape of a bell. A similar droplet shape
at Ret = 93 in Figure 4.15 can be found in the work of Carroll and Gupta for circular
channels at high Reynolds numbers [29]. The streamlines are also visually similar. The
droplet size is smaller (Deq = 0.8) for Carroll and Gupta, but the streamlines match well,
qualitatively. At larger Ret, the shape is longer and the film thickness increases near the
tail.
In order to better understand why the droplet shapes are deformed in the way they are
at when the Reynolds number is higher, the pressure can be looked at. A pressure contour
of the same plane from the highest Reynolds number case from Figure 4.15 is shown in
Figure 4.16. The large amount of curvature near the wall is caused by the low pressure
outside the droplet and the large pressure inside the droplet.
Figure 4.16: Pressure contour for a center plane cut out for Ca = 0.10, Ret = 284,
D∗eq = 0.91, λ = 4, γ = 0.56, and κ = 0.53
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Figure 4.17 shows a streamline plot for a center plane section of the channel with
varying Reynolds number for D∗eq = 1.15 and around Cat = 0.10. The vortices in the
smaller droplet size are seen for this droplet size as well at larger Reynolds numbers. For
the smaller droplet size the a vortex center was near the bump in the tail, but for this
case, the vortex is away from the edge of the droplet. Wavy features on these droplets are
similar to those observed in the simulations of Carroll and Gupta for circular channels at
high Reynolds numbers [29].
Figure 4.17: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 1.15, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
A pressure contour of the same plane from the highest Reynolds number case from
Figure 4.17 is shown in Figure 4.18. Just as the smaller droplet had higher curvature near
the wall at the same capillary number and higher Reynolds number, the large droplet does
as well. This is also due to the large pressure difference across the interface at that point.
For this case, there is also a higher pressure outside the droplet away from the tail that
causes an indention.
Figure 4.19 shows a streamline plot for a center plane section of the channel with
varying Reynolds number for D∗eq = 0.91 and around Cat = 0.05. The droplet does not
change as much for this case with increases Reynolds number. Due to the higher capillary
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Figure 4.18: Pressure contour for a center plane cut out for Ca = 0.10, Ret = 238,
D∗eq = 1.15, λ = 4, γ = 0.56, and κ = 0.53
forces keeping the droplet together, the inertial forces are not high enough to greatly change
the shape of the droplet. The vortex in the carrier fluid remains attached to the droplet for
all Reynolds numbers simulated. For this droplet size and capillary number as well, there
is a vortex on the front and tail of the droplet. At larger Reynolds numbers, the vortex at
the front of the droplet grows in size.
Figure 4.19: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 0.91, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
Figure 4.20 shows a streamline plot for a center plane section of the channel with
varying Reynolds number for D∗eq = 1.15 and around Cat = 0.05. The larger droplet size
is influenced more by increasing Reynolds number than the smaller droplet size. Increased
curvature can be seen in the film region of the droplet at higher Reynolds numbers. The
recirculating vortex in the carrier fluid remains attached to the droplet for all Reynolds
numbers. An additional vortex may be present in the higher Reynolds number case.
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Figure 4.20: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for D∗eq = 1.15, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
4.3.2 Droplet Corner Deformation
Figure 4.21 shows the dependence of the corner deformation of the droplet on Reynolds
number for D∗eq = 0.91 and D
∗
eq = 1.15 at three different capillary numbers. At low
Reynolds numbers (Ret < 1), the change in the droplet corner deformation with Reynolds
number is small. Overall, the greatest amount of corner deformation is seen for Cat = 0.10
and D∗eq = 0.91.
As the Reynolds number increases, the amount of corner deformation begins to increase
around Ret = 100 until reaching a maximum and decreasing. For the same capillary number
at a smaller droplet size, the droplet also begins deforming, but at a larger Reynolds
number.
For the intermediate capillary number (Cat = 0.10), at higher Reynolds numbers, the
droplet shows increased droplet corner deformation for the smaller droplet size (D∗eq = 0.91).
The higher droplet size for Cat = 0.10 and both droplet sizes for Cat = 0.33 are more
complicated as they show both increases and decreases in droplet deformation at higher
Reynolds numbers. More investigation is needed in this area to understand the role of the
Reynolds number in droplet corner deformation.
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Figure 4.21: Dependence of droplet corner deformation on Reynolds number at different
capillary numbers, clear fill: D∗eq = 0.91, black fill: D
∗
eq = 1.15 (λ = 4, γ = 0.56, κ = 0.53)
4.3.3 Length of the Droplet
The dependence of the droplet length on Reynolds number for two different droplet
sizes, D∗eq = 0.91 and D
∗
eq = 1.15, is shown in Figure 4.22. For all of the parameters
simulated, there was negligible change in the droplet length as Reynolds number increases
for low Reynolds numbers (Ret < 10).
Most of the cases feature an increase in droplet length at larger Reynolds numbers.
For Cat = 0.05 and D
∗
eq = 0.91, only a small dip occurs in the droplet length over these
Reynolds numbers, but the length does not change by a large amount. The lower capillary
number simulations show the least change in the length due to the larger surface tension
forces.
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Figure 4.22: Dependence of droplet length on Reynolds number at different capillary num-
bers, clear fill: D∗eq = 0.91, black fill: D
∗
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4.3.4 Mobility
Figure 4.23 shows the dependence of the mobility on Reynolds number for D∗eq = 0.91
and D∗eq = 1.15. For the lowest Capillary number (Cat = 0.05), the mobility decreases with
an increase in Reynolds number for D∗eq = 0.91 while the opposite occurs for D
∗
eq = 1.15.
The same behavior was observed in simulations by Carroll and Gupta for segmented flow
in circular channels [29].
At larger Reynolds numbers for the simulations of Carroll and Gupta, the mobility for
the smaller droplet began to increase again. This minimum is observed for the current
square channel simulations for Cat = 0.10 and D
∗
eq = 0.91 at around Ret = 116. The dip
does not appear to be present in the higher droplet size at the same capillary number or
the higher droplet size at the smaller capillary number. Carroll and Gupta noted that that
it disappeared with higher droplet sizes for their simulations as well.
The dip in the mobility with Reynolds number appears to occur at smaller droplet sizes
and larger capillary numbers. The mobility does not change a large amount for Ret < 10.
The mobility also did not change at low Reynolds numbers in Carroll and Gupta.
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Figure 4.23: Dependence of mobility with Reynolds number at different capillary numbers,
clear fill: D∗eq = 0.91, black fill: D
∗
eq = 1.15 (λ = 4, γ = 0.56, κ = 0.53)
4.3.5 Pressure Drop
Figure 4.24 shows how the pressure drop changes with Reynolds number for D∗eq = 0.91
and D∗eq = 1.15. The pressure drop does not change a large amount for Ret < 10. At higher
Reynolds numbers, the pressure drop increases for all cases.
For D∗eq = 0.91 and Cat = 0.05, the pressure drop appears to oscillate up and down
with Reynolds number. This is the same case that saw a decrease in mobility with Reynolds
number. It is not known at this time if those are related and warrants further investigation.
For Cat = 0.10 and D
∗
eq = 0.91, there is a maximum in the pressure drop at higher
Reynolds numbers. This occurs near where there was a minimum in the mobility. Carroll
and Gupta noted a similar association in their simulations but mentioned that the maximum
and minimum do not occur at the same Reynolds number [29]. The maximum in pressure
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Figure 4.24: Dependence of pressure drop with Reynolds number at different capillary
numbers, clear fill: D∗eq = 0.91, black fill: D
∗
eq = 1.15 (λ = 4, γ = 0.56, κ = 0.53)
drop for Cat = 0.10 and D
∗
eq = 0.91 occurs around Ret = 185 which is after the minimum
in mobility.
4.3.6 Film Thickness
Figure 4.25 shows the dependence of the minimum film thickness on Reynolds number
for D∗eq = 0.91 and D
∗
eq = 1.15. The trends for the film thickness are similar to the trends
for the mobility. There is a minimum in the film thickness with Reynolds number for
Cat = 0.10 and D
∗
eq = 0.91 before it starts to increase. For D
∗
eq = 0.91 and Cat = 0.05
the film thickness decreases with Reynolds number. For the rest of the cases, the Reynolds
number only causes increases in film thickness.
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Figure 4.25: Dependence of minimum film thickness with Reynolds number at different
capillary numbers, clear fill: D∗eq = 0.91, black fill: D
∗
eq = 1.15 (λ = 4, γ = 0.56, κ = 0.53)
4.3.7 Flow Ratio
Figure 4.26 shows the dependence of the carrier flow ratio on the Reynolds number for
three different capillary numbers and two droplet sizes. The flow ratio is directly related
to the mobility and volume fraction using Equation 2.8.
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Figure 4.26: Dependence of the flow ratio on the Reynolds number (λ = 4, γ = 0.56,
κ = 0.53)
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Most cases show a decrease in the carrier flow ratio with Reynolds number. For Cat =
0.10 and D∗eq = 0.91, there is only an increase in the carrier flow ratio as Reynolds number
increases. For Cat = 0.10 and D
∗
eq = 0.91, the carrier flow ratio increases with Reynolds
number until reaching a maximum which is followed by a decrease. These trends are the
same as was seen for the mobility except where the mobility decreases, the flow ratio
increases and vice versa. The reason for this is evident in Equation 2.8.
4.4 Dependence on Droplet Size and Spacing
To determine the dependence of droplet size (D∗eq) and spacing (λ) on a train of droplets
driven by pressure, a parameter study was performed for 0.55 ≥ D∗eq ≥ 1.95 and 1.75 ≥
λ ≥ 10. The input properties are shown in Table 4.4.
Table 4.4: Input properties for droplet size and spacing dependence simulations
Ca′ γ κ Re′ We′
0.333 0.56 0.53 1 · 10−2 0.00333
0.1 0.56 0.53 1 · 10−2 0.001
0.05 0.56 0.53 1 · 10−2 0.0005
The droplet dependence was studied at three different Capillary numbers. These cap-
illary numbers were chosen from the capillary dependence study which showed a relatively
large droplet deformation for around Cat < 0.1, a transition between an axi-symmetric
droplet and a deformed droplet around Cat = 0.1, and an axi-symmetric droplet around
Cat > 0.1. The input properties in Table 4.4 were chosen in an attempt to capture these
different droplet deformation regimes.
The simulation does not produce the exact capillary number intended, but results in
a capillary number near that value. The resulting average capillary with percent standard
deviation are Cat = 0.3428± 3%, Cat = 0.1012± 4%, and Cat = 0.0486± 7%. The spread
of capillary number with droplet size is shown in Figure 4.27. For Cat = 0.34, the capillary
number only increases with droplet size. For Cat = 0.1, there is a dip in the capillary
number around D∗eq = 1 after which there is an increase. For Cat = 0.05, there is a similar
dip in the capillary number around D∗eq = 1.2 with a similar increase afterwards.
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Figure 4.27: Spread of capillary numbers for the droplet dependence and spacing simula-
tions, black - Cat = 0.3428 ± 3%, red - Cat = 0.1012 ± 4%, blue - Cat = 0.0486 ± 7%,
(κ = 0.53, Ret = 0.01, γ = 0.56)
In order to visualize the potential impact on the parameters, the mobility is plotted in
4.28 using the capillary numbers resulting from the droplet size and spacing simulations
with Equation 4.1. This equation was for D∗eq = 1.15, but it can still be useful for this
purpose. From 4.28, it can be seen that there the variation in capillary number produces
an increase in the mobility with Capillary number after D∗eq > 1. Without considering the
variation in the capillary number, this may be mistaken for a physical effect. Therefore,
the variation in the capillary number is important to interpreting the results in this section.
The low Reynolds number (Ret < 1), low capillary number, and low droplet size
(D∗eq < 1) results from this section should be applicable to lab-on-a-chip applications.
Tabular data for this study can be found in the Appendix in Tables A.11 to A.14.
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Figure 4.28: Estimated spread of mobility values for the droplet dependence and spacing
simulations due tot capillary number variation using Equation 4.1, black - Cat = 0.3428±
3%, red - Cat = 0.1012± 4%, blue - Cat = 0.0486± 7%, (κ = 0.53, Ret = 0.01, γ = 0.56)
4.4.1 Droplet Corner Deformation
For the smaller capillary number simulations (Cat = 0.10 and Cat = 0.05), the droplet
is expected to be to deform towards the channel corners for some droplet sizes as this was
observed in the capillary number dependence simulations for (Deq > 1). As there is some
variation in the capillary number with droplet size for these simulations, there will be a
resulting effect on the droplet deformation. Based on the trends from the capillary number
dependence study, certain trends can be expected. For Cat = 0.10 and Cat = 0.05, there
will be a increase in droplet deformation until around D∗eq = 1 and D
∗
eq = 1.2, respectively,
after which the droplet deformation will start to decrease. For Cat = 0.34, no change in
droplet deformation is expected due to the capillary number variation. This is confirmed
using Figure 4.29, which shows the dependence of droplet corner deformation on droplet
size and spacing for varying capillary numbers.
The peaks in droplet size for Cat = 0.10 and Cat = 0.05 occur at the same place where
the dip in capillary number variation occurs. So, probable that this is not the location
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Figure 4.29: Dependence of droplet corner deformation on droplet size and spacing, black
- Cat = 0.3428 ± 3%, red - Cat = 0.1012 ± 4%, blue - Cat = 0.0486 ± 7%, (κ = 0.53,
Ret = 0.01, γ = 0.56)
where an actual peak in droplet corner deformation occurs with droplet size. The increase
in capillary number with droplet size is a cause of the droplet corner deformation decreasing,
but it is uncertain if the droplet size plays a role in the decrease in corner deformation.
Even though the droplet spacing changes from λ = 1.75 to λ = 10, all of the points fall
along the same curve indicating no dependence of the droplet deformation on the droplet
spacing in that range.
4.4.2 Droplet Length
The droplet length increases with droplet size as shown in Figure 4.30. Droplets with
larger droplet size, or volume, are able to attain greater lengths. The size of the carrier fluid
slug or the distance between the head and tail of the droplets can be found by (λ−Dz). The
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smallest carrier fluid slug for these simulations is 0.35 for Cat = 0.10, 0.13 for Cat = 0.10,
and 0.32 for Cat = 0.05. Although, the droplet spacing (λ) varies, all the points fall along
the same curve, so there does not appear to be a dependence of the droplet length with
the droplet spacing in the simulated range.
0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
2
4
6
8
10
Droplet Size (D*eq)
D
ro
p
le
t
L
en
gt
h
(D
z
)
Dependence of Dz on D
*
eq
λ = 1.75 λ = 4 λ = 6 λ = 8 λ = 10
Figure 4.30: Dependence of droplet length on equivalent droplet diameter , black - Cat =
0.3428 ± 3%, red - Cat = 0.1012 ± 4%, blue - Cat = 0.0486 ± 7%, (κ = 0.53, Ret = 0.01,
γ = 0.56)
These λ−Dz distances can be compared to a case in the capillary number dependence
study that had a small λ − Dz distance and had an irregular flow feature. The droplet
size for that case was D∗eq = 1.32 and had a capillary number of Cat = 0.54. The case
is depicted in Figure 4.6 for the highest capillary number case. It has a λ − Dz = 0.23.
This is larger than the cases presented in this study, yet the same flow features were not
observed.
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4.4.3 Mobility
As shown before, in Figure 4.28, the mobility is expected to vary regardless of the
changes in droplet size due to the changes in capillary number. These changes will cause
an increase in mobility for Cat = 0.34, an increase in mobility for Cat = 0.10 after around
D∗eq = 1, and an in mobility for Cat = 0.05 after around D
∗
eq = 1.2.
Figure 4.31 shows the dependence of mobility on droplet size and spacing for different
Capillary numbers and viscosity ratios. The values on this plot after D∗eq > 1.2 are close
to those predicted by Equation 4.1 and plotted in Figure 4.28.
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Figure 4.31: Dependence of droplet mobility on droplet size, black - Cat = 0.3428 ± 3%,
red - Cat = 0.1012± 4%, blue - Cat = 0.0486± 7%, (κ = 0.53, Ret = 0.01, γ = 0.56)
Figure 4.28 shows that the small increases in mobility after D∗eq > 1.2 can be attributed
to the capillary number variation. This shows that after D∗eq > 1.2, the mobility is nearly
constant. This is in agreement with other researchers including Olbricht and Kung for
circular channels [27]. For smaller droplets , D∗eq < 1, the increase in droplet size causes
a decrease in mobility. This is in agreement with the numerical work of Wang and Dim-
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itrakopoulos for square channels [1]. The increased confinement with droplet size causes
the droplet to slow down.
4.4.4 Pressure Drop
The dependence of the relative pressure drop on droplet size and spacing is shown in
Figure 4.32. The plot shows that the relative pressure drop is greater when the droplet
spacing (λ) is lower. This is the same trend in the pressure drop seen by Kreutzer et al.
for circular channels [30]. This is sensible as each additional droplet in a channel requires
an increase in driving pressure to achieve the same flow rate.
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Figure 4.32: Dependence of pressure drop on equivalent droplet diameter, black - Cat =
0.3428 ± 3%, red - Cat = 0.1012 ± 4%, blue - Cat = 0.0486 ± 7%, (κ = 0.53, Ret = 0.01,
γ = 0.56)
The value of the relative pressure drop for each droplet spacing depends on the capillary
number. As observed in the capillary dependence study, the relative pressure drop reaches
a minimum at lower capillary numbers. As Cat = 0.05 and Cat = 0.05 are near that
minimum, it has an effect. It can cause a Capillary number of Cat = 0.10 to be largest for
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some droplet spacing (such as λ = 1.75 at higher droplet sizes) and a Capillary number of
Cat = 0.05 to be largest for some droplet spacing (such as λ = 10 at the higher droplet
sizes).
4.4.5 Film Thickness
As the dependence of the mobility on capillary number is similar to the dependence
of the film thickness, the effect of the variation in capillary number will be the same. The
dependence of the film thickness on the droplet size and spacing is shown in Figure 4.33.
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Figure 4.33: Dependence of minimum film thickness on droplet size, black - Cat = 0.3428±
3%, red - Cat = 0.1012± 4%, blue - Cat = 0.0486± 7%, (κ = 0.53, Ret = 0.01, γ = 0.56)
The trends are similar to the trends in mobility with droplet size. As the droplet
size increases the minimum film thickness decreases. This is sensible, as a small droplet
size (D∗eq < 1), will be closer to a sphere at low capillary numbers. As the size of the
droplet increases, the droplet will become more confined in the channel, decreasing the film
thickness. This also agrees with the simulations of Wang and Dimitrakopoulos for square
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channels [1]. The minimum film thickness is nearly constant after D∗eq = 1.2. There is a
slight increase in film thickness for the largest droplet size at the largest capillary number.
4.4.6 Flow Ratio
Figure 4.34 shows the dependence of the carrier flow ratio on the droplet size and spac-
ing. The flow ratio is directly related to the mobility and volume fraction using Equation
2.8.
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Figure 4.34: Dependence of the carrier flow ratio on the droplet size and spacing (λ = 4,
Ret = 0.01, γ = 0.56, κ = 0.53)
Even though the mobility does not change very much for larger droplet sizes, the carrier
flow ratio shows a decrease as the droplet size increases for all capillary numbers considered.
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The flow ratio also shows changes with the droplet spacing which were not present for the
mobility. At the same droplet size, the flow ratio decreases as the droplet spacing decreases.
The reason for the differences from the mobility can be found in Equation 2.8, where
the volume fraction is a factor. As the droplet size increases for the mobility, a single curve
can be found for each capillary number for 1.75 ≤ λ ≤ 10. Due to this, it may be more
useful to find the relationship between mobility and droplet size, then use Equation 2.8 to
find the relationship between droplet size and flow ratio.
4.4.7 Comparison to Literature
A previous study by Jakiela et al. studied the dependence of the mobility on the droplet
size at different viscosity ratios [2]. They present data for around Cat = 0.11 that can be
compared to the data discussed in this section. Table 4.5 shows the parameters for the
study from Jakiela et al. and the parameters from this study that will be compared. The
viscosity ratios from Jakiela et al. (κ = 0.33 and 1.0) bracket the viscosity ratio used in
this study (κ = 0.53). A big difference for the data currently being compared is that the
Reynolds number is much higher for Jakiela et al.
Results from the droplet size dependence study were also compared to Jakiela et al. in
Figure 4.35 for the dependence of the mobility on droplet length. The plot shows that with
increasing droplet length, the data from Jakiela et al. show a tendency towards wD
J
= 1,
while the data from this study show much higher values around wD
J
= 1.5.
While the Reynolds numbers being compared are not the same, results from the
Reynolds dependence study (Figure 4.23) performed in the current paper suggest that
this is not the case. The mobility for the same capillary number at Cat = 0.10 and a small
droplet size, D∗eq = 1.15, shows only a small dip in the mobility at higher Reynolds numbers
than those found in Jakiela et al. At a higher droplet size, D∗eq = 1.15, the mobility only
increases with Reynolds number.
It may be possible that surfactants can be the cause of the difference between the
experiments of Jakiela et al., but they took precautions against surfactants in their study.
80
Table 4.5: Comparison to Jakiela et al. (values of Reynolds number and capillary number
from Jakiela et al. approximated) [2]
Case κ λ γ Ret Cat
Jakiela et al. 0.33 Single Droplet 1.29 100 0.11
Current Study 0.53 4 0.56 0.01 0.1
Jakiela et al. 1 Single Droplet 1.42 150 0.11
The large difference may be due to the droplet making contact with the channel walls. Or
some other physical effect may be at play for the experiments of Jakiela et al. that is not
accounted for in the current simulations.
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Figure 4.35: Dependence of mobility on droplet length compared to Jakiela et al. at
different viscosity ratios [2]
4.5 Viscosity Ratio Effect
To study the effect of the viscosity ratio on the flow, the capillary number was varied
for three additional viscosity ratios. The simulation inputs are in Table 4.6. Only a larger
droplet size, D∗eq = 1.15 was simulated for this study. The results from the capillary
dependence study for the same droplet size were reused for this study for κ = 0.56. The
lower viscosity ratio, κ = 0.021 allows comparison to more literature as most publications
have dealt with low viscosity ratio flows.
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Table 4.6: Input properties for viscosity ratio dependence simulations
κ λ γ D∗eq Ca
′ Re′ We′
2.1 · 10−2 4 0.56 1.15 0.033 to 2 1 · 10−2 0.00033 to 0.02
0.1 4 0.56 1.15 .05 to 1 1 · 10−2 0.0005 to 0.01
0.53 4 0.56 1.15 0.033 to .8 1 · 10−2 0.00033 to 0.008
1 4 0.56 1.15 0.05 to .5 1 · 10−2 0.0005 to 0.005
Tabular data for this study can be found in the Appendix in Tables A.15 to A.17.
4.5.1 Flow Field
Figure 4.36 shows streamline plots for a center plane section of the channel with varying
viscosity ratios for D∗eq = 1.15 and low capillary numbers. There are no major changes in
the droplet shape with viscosity ratio at low capillary numbers. Vortices appear in the
head and tail of all the droplets. The vortex in the recirculating flow stays attached to the
droplet. The flow is in the recirculating regime for all viscosity ratios at these low capillary
numbers.
Figure 4.36: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for low capillary number, D∗eq = 1.15 λ = 4, γ = 0.56, and κ = 0.53 at varying viscosity
ratios
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Figure 4.37 shows streamline plots for a center plane section of the channel with varying
viscosity ratios at high capillary numbers for D∗eq = 1.15. At the lowest viscosity ratio
(κ = 0.021), the flow is a complete bypass flow and no vortices are not seen in the head
and tail of the droplet. The flow for κ = 0.10 shows a very small vortex which is detached
from the droplet. The vortices in the head and tail of the droplet are also absent. It seems
that at this capillary number, the flow is in the late stage of the transition to complete
bypass flow. At larger capillary numbers, the flow does reach complete bypass for κ = 0.10.
For the lower viscosity ratios, κ = 0.53 and 1.0, the vortex in the carrier fluid is present, but
detached at the tail of the droplet, so it appears to be in the early stages of transitioning
to bypass flow. Bypass flow occurs at a lower capillary number for lower viscosity ratios.
Figure 4.37: streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for high capillary number, D∗eq = 1.15, λ = 4, and γ = 0.56 at varying viscosity ratios
Figure 4.38 shows the transition between recirculating flow and bypass flow with in-
creasing capillary number for κ = 0.021. The mobility values at each capillary number are
also noted. For the lowest Capillary number, Cat = 0.316, the vortex is the carrier fluid
is detached from the droplet head. As the capillary number increases to Cat = 0.337, the
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vortex moves away from the droplet head and towards the tail. Also, another vortex seems
to have formed closer to the tail of the droplet.
Figure 4.38: Streamline plot of flow overlaid on a phase contour plot for a center plane cut
out for transitional flow, κ = 0.021, D∗eq = 1.15, λ = 4, and γ = 0.56 at varying capillary
numbers
At Cat = 0.361, only a small vortex is present close to the tail of the droplet. There is
another simulation after this that is not shown here for Cat = 0.387 which also has a small
vortex near the droplet. The last capillary number shown, Cat = 0.418, shows complete
bypass flow.
The transitional capillary number is between Cat = 0.371 and 0.387. For the simu-
lation, the mobility at which this occurs is between wD
J
= 2.118 and 2.144. In Hazel and
Heil’s simulations for low viscosity ratio, this occurred at wD
J
= 2.096 which is also where
it theoretically should occur based on the maximum velocity in a square channel [3]. So,
the simulation over predicts the mobility value at which the transition occurs.
For κ = 0.1, the transition from complete bypass flow to recirculating flow occurs
between Cat = 0.53 and 0.67. This corresponds to a mobility between
wD
J
= 2.091 and
2.142. It appears that the value at which bypass flow no longer occurs is between κ = 0.53
and 0.1. This confirms a similar phenomenon that occurs in circular channels in which
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Soares and Thompson found that bypass flow was not possible for κ > 0.5 [25]. More
investigation is required to refine the range of κ = 0.53 and 0.1 found in this study.
At larger capillary numbers, all of the viscosity ratios exhibit the same behavior ob-
served for viscosity ratio κ = 0.53 in the capillary dependence section. Fluid will jet forth
from the edge of the the droplet and continue moving downstream as shown earlier in
Figure 4.4. This limits the capillary numbers in which stable droplet flow occurs. For
the lower viscosity ratio flows, much higher capillary numbers could be reached before the
jetting flow occurred. This is agrees with the work of Lac and Sherwood in which droplets
in circular channels were simulated at different viscosity ratios to determine the behavior
of the critical capillary number before jetting occurred [31]. They showed a much greater
critical capillary number before jetting occurred for low viscosity ratios compared to higher
viscosity ratios.
4.5.2 Droplet Corner Deformation
Figure 4.39 shows the dependence of droplet corner deformation on capillary number
for different viscosity ratios. All of the droplets extend into the corners at lower capillary
numbers and start corner deformation around the same capillary number which is around
Cat = 0.2. It also appears that the droplets show a small amount of corner deformation at
higher capillary numbers and smaller viscosity ratios.
Hazel and Heil also computationally observed this corner deformation for air fingers
moving through square channels for CaD > 4 [3]. The corner deformation is increasing
with capillary number as it does in Hazel and Heil’s study. In Hazel and Heil’s study, the
deformation occurred near the tip or head of the droplet.
From the data, it appears that corner deformation at higher capillary numbers is larger
for lower viscosity ratios. For the highest viscosity ratio, the droplet does not appear to
deform at all.
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Figure 4.39: Dependence of droplet corner deformation on capillary number for different
viscosity ratios (λ = 4, D∗eq = 1.15,Ret = 0.01, γ = 0.56)
4.5.3 Droplet Length
The dependence of droplet length on capillary number at different viscosity ratios is
shown in Figure 4.40 for D∗eq = 1.15. The droplet length is nearly independent of the
viscosity ratio for capillary number Cat < 0.02. This was previously observed visually
earlier when looking at the flow field in Figure 4.36 for low capillary number.
As the capillary number increases, the droplet length is greater for higher viscosity
ratios. For the highest viscosity ratios, (κ = 0.53 and 1.0), the droplet reaches a similar
length (around Dz = 3.25) at the largest capillary number that maintained a stable droplet.
Note that slightly larger stable droplets may be reached by slowly incrementing the capillary
number. The droplet length curve for the two lowest viscosity ratios (κ = 0.021 and 0.1)
are very close together which may indicate that the solution will not change a large amount
as the viscosity ratio continues to decrease.
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Figure 4.40: Dependence of droplet length on capillary number for different viscosity ratios
(λ = 4, D∗eq = 1.15, Ret = 0.01, γ = 0.56)
4.5.4 Mobility
Figure 4.41 shows the dependence of droplet mobility on capillary number for different
viscosity ratios. At equal capillary numbers, the mobility is greater for a lower viscosity
ratio. The difference in mobility due to the viscosity ratio increases with capillary number.
For the lower viscosity ratios, κ = 0.021 and 0.1, the difference between the mobility values
is small.
Accoding to Hazel and Heil’s simulations, the transition to bypass should occur at
2.096 [3]. For κ = 0.021, the transition from complete bypass flow to recirculating flow
occurs between wD
J
= 2.00 and 2.20 (Cat = 0.28 and 0.50). For κ = 0.1, the transition
from complete bypass flow to recirculating flow occurs between 1.88 and 2.14 (Cat = 0.25
and 0.67). These agree with value given by Hazel and Heil.
The viscosity curves show that each is asymptotically approaching a separate mobility
value. So, if a curve is asymptotically approaching a value of less than 2.096, it will not
be able to transition into complete bypass flow. The plot shows that this occurs between
κ = 0.53 and 0.1. It also appears that it is closer to κ = 0.53 than 0.1.
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Figure 4.41: Dependence of droplet mobility on capillary number for different viscosity
ratios (λ = 4, D∗eq = 1.15, Ret = 0.01, γ = 0.56)
4.5.5 Pressure Drop
Figure 4.42 shows the dependence of relative pressure drop on capillary number for
different viscosity ratios. It shows that for the same capillary number the relative pressure
drop increases as the viscosity ratio increases. As the capillary number increases, the rela-
tive pressure drop first decreases until reaching a minimum, then increases as the capillary
number increases. This is the same trend seen in the capillary dependence simulations for
larger droplet sizes (D∗eq > 1).
The minimum in the relative pressure drop exists for all viscosity ratios considered,
but appears to occur at different capillary numbers. For κ = 0.021, the minimum occurs
between Cat = 0.20 and 0.25. For κ = 0.1, it occurs between Cat = 0.15 and 0.25. For
κ = 0.53, it occurs between Cat = 0.10 and 0.13. For κ = 1.0, it occurs between Cat = 0.12
and 0.19. So, it appears that the capillary number where the minimum occurs is increasing
as the viscosity ratio decreases. The minimum in the pressure drop these simulations also
occurs near the low capillary number where the droplet begins to deform into the corner
of the channel.
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Figure 4.42: Dependence of relative pressure drop on capillary number for different viscosity
ratios (λ = 4, D∗eq = 1.15, Ret = 0.01, γ = 0.56)
4.5.6 Film Thickness
Figure 4.43 shows the dependence of minimum film thickness on capillary number for
different viscosity ratios. As the capillary number increases, the minimum film thickness
increases for all viscosity ratios.
The minimum film thickness for all of the viscosity ratios fall along the same curve for
Cat < 0.3. This can be seen for around Cat = 0.05 in Figure 4.36 where the droplets all
look similar. As the capillary number increases, the viscous forces start to get stronger
relative to the surface tension.
For the mobility, the trend was that the lowest viscosity ratio had the highest mobility
value, but the film thickness has the opposite trend. At higher capillary numbers the film
is thicker for higher viscosity ratios. The work of Lac and Sherwood on simulations of
droplets in circular channels also shows a decrease in film thickness with a decrease in
viscosity ratio which is in agreement with this study [31]. The increase in mobility at
equivalent capillary number with a decrease in viscosity ratio was also observed in the
study of Lac and Sherwood.
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Figure 4.43: Dependence of film thickness on capillary number for different viscosity ratios
(λ = 4, D∗eq = 1.15, Ret = 0.01, γ = 0.56)
4.5.7 Flow Ratio
The dependence of the carrier flow ratio on the capillary number for four different
viscosity ratios can be found in Figure 4.44. The carrier flow ratio is directly related to the
mobility and volume fraction using Equation 2.8.
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Figure 4.44: Dependence of the carrier flow ratio on capillary number for different viscosity
ratios (λ = 4, D∗eq = 1.15, Ret = 0.01, γ = 0.56)
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As the volume fraction is constant for these simulations due to the droplet size and
spacing being fixed, the trends for the carrier flow ratio will simply be the reverse of the
trends in mobility. As the mobility increases, the carrier flow ratio will decrease.
As the capillary number increases, the carrier flow ratio decreases. This is due to the
droplet taking up more volume in the center of the channel, which causes the flow rate
of the carrier phase in relation to the total flow rate to decrease. At the same capillary
number, the higher viscosity ratio has the higher carrier flow ratio.
4.5.8 Comparison to Literature
The low viscosity ratio data can be compared to literature as most previous studies
were performed for low viscosity. Figure 4.45 shows results from this study at κ = 0.021
compared to two separate studies.
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Figure 4.45: Minimum film thickness comparison to other studies [3] [4]
The data from Hazel and Heil is for an inviscid air finger in a square channel. Table
4.7 shows the parameters used by Hazel and Heil. The results from this study shows a
larger film thickness than the numerical study by Hazel and Heil [3]. This is not a direct
comparison, though, as Hazel and Heil simulated inviscid fluids while the current simulation
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uses a finite viscosity. This difference in viscosity ratio would explain the small difference
in film thickness.
Table 4.7: Comparison to Hazel and Heil as well as Han and Shikazono [3] [4]
Case D∗eq λ γ κ Ret
Hazel and Heil > 1 Finger  1  1  1
Han and Shikazono > 1 ?  1  1 around 2000
Current Study 1.15 4 0.56 0.53 0.02
Han and Shikazono performed experiments on bubble flows for low Capillary numbers
[4]. Table 4.7 shows the parameters used by Hazel and Heil. The Reynolds numbers in
their experiments vary, but the ones that they report are around ReD = 2000 or greater.
They give two correlations from their results, one for ReD > 2000 and one for ReD < 2000
which is Equation 2.24. Their correlation is plotted in Figure 4.45 using CaD < 0.4, which
was the range of their experiments, and ReD = 0.02 which was used to match the Reynolds
number of the current study.
The correlation shows a much lower film thickness than obtained this study and also
Hazel and Heil. This is most likely due to the experiments used to obtain this correlation
having much higher Reynolds numbers.
4.6 Density Ratio Effect
In order to investigate the influence of the density ratio on the flow, the density ratio
(γ) was varied from 0.01 to 1.0. Two different droplet sizes were used for this simulation:
one smaller than the channel (Deq = 0.73) and one larger than the channel (Deq = 1.15).
The same capillary numbers used in the droplet size and spacing study as well as the
Reynolds number simulations are used in this study. Additionally, two different viscosity
ratios were used (κ = 0.53 and 0.021). Table 4.8 lists the inputs for the simulations.
The low Reynolds number (Ret < 1), low capillary number, and low droplet size
(D∗eq < 1) results from this section should be applicable to lab-on-a-chip applications.
Tabular data for this study can be found in the Appendix in Tables A.18 to A.20.
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Table 4.8: Input properties for density ratio dependence simulations
D∗eq κ Re
′ Ca′ λ We′
0.73 0.53 1 · 10−2 0.1 4 0.001
0.73 0.53 1 · 10−2 0.05 4 0.0005
0.73 0.53 1 · 10−2 0.33 4 0.0033
1.15 0.53 1 · 10−2 0.1 4 0.001
1.15 0.53 1 · 10−2 0.05 4 0.0005
1.15 0.53 1 · 10−2 0.333 4 0.00333
1.15 2.1 · 10−2 1 · 10−2 0.1 4 0.001
1.15 2.1 · 10−2 1 · 10−2 0.05 4 0.0005
1.15 2.1 · 10−2 1 · 10−2 0.333 4 0.00333
4.6.1 Droplet Corner Deformation
Table 4.9 shows the dependence of droplet corner deformation on capillary number for
different density ratios. The data is presented in a tabular form as the differences between
each density ratio are small.
Table 4.9: Dependence of the droplet corner deformation on density ratio (Ret = 0.01,
λ = 4)
Input Variables γ = 0.01 γ = 0.10 γ = 0.56 γ = 1.00
D∗eq κ Cat χ χ χ χ
0.73 0.53 9.98 · 10−2 9 · 10−4 9 · 10−4 1.3 · 10−3 1.4 · 10−3
0.73 0.53 4.99 · 10−2 6 · 10−4 6 · 10−4 1 · 10−3 1.2 · 10−3
0.73 0.53 0.334 8 · 10−4 8 · 10−4 1.6 · 10−3 4 · 10−4
1.15 0.53 0.101 5.3 · 10−3 5.3 · 10−3 5.6 · 10−3 5.8 · 10−3
1.15 0.53 4.68 · 10−2 2.35 · 10−2 2.34 · 10−2 2.27 · 10−2 2.22 · 10−2
1.15 0.53 0.350 1.1 · 10−3 9 · 10−4 6 · 10−4 8 · 10−4
1.15 2.1 · 10−2 0.126 3.8 · 10−3 4.2 · 10−3 4.8 · 10−3 4.8 · 10−3
1.15 2.1 · 10−2 5.49 · 10−2 1.82 · 10−2 1.83 · 10−2 1.79 · 10−2 1.73 · 10−2
1.15 2.1 · 10−2 0.496 3.2 · 10−3 3.5 · 10−3 4.2 · 10−3 3.8 · 10−3
4.6.2 Droplet Length
The dependence of droplet length on capillary number at different density ratios is
shown in Table 4.10. The droplet length appears to have a negligible dependence on the
droplet length. The maximum percent difference for all nine different cases was 1.6 %.
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Table 4.10: Dependence of the droplet length on density ratio (Ret = 0.01, λ = 4)
Input Variables γ = 0.01 γ = 0.10 γ = 0.56 γ = 1.00
D∗eq κ Cat Dz Dz Dz Dz
0.73 0.53 9.98 · 10−2 0.734 0.734 0.735 0.736
0.73 0.53 4.99 · 10−2 0.727 0.727 0.728 0.729
0.73 0.53 0.334 0.822 0.821 0.829 0.817
1.15 0.53 0.101 1.690 1.688 1.681 1.678
1.15 0.53 4.68 · 10−2 1.468 1.467 1.467 1.466
1.15 0.53 0.350 2.395 2.389 2.370 2.360
1.15 2.1 · 10−2 0.126 1.743 1.746 1.738 1.733
1.15 2.1 · 10−2 5.49 · 10−2 1.499 1.498 1.497 1.495
1.15 2.1 · 10−2 0.496 2.257 2.256 2.249 2.246
4.6.3 Mobility
Table 4.11 shows the change in mobility with density ratio. The mobility does not
appear to have a dependence on the density ratio. The maximum percent error between
density ratios over the nine different cases was < 1 %. The density ratio does not appear
to have an effect on mobility for low viscosity ratio (κ = 0.021) or higher viscosity ratio
(κ = 0.53). The effect of the density ratio also does not change with the capillary number
or droplet size over this range.
Table 4.11: Dependence of the mobility on density ratio (Ret = 0.01, λ = 4)
Input Variables γ = 0.01 γ = 0.10 γ = 0.56 γ = 1.00
D∗eq κ Cat
wD
J
wD
J
wD
J
wD
J
0.73 0.53 9.98 · 10−2 1.738 1.738 1.738 1.739
0.73 0.53 4.99 · 10−2 1.731 1.731 1.733 1.733
0.73 0.53 0.334 1.803 1.803 1.800 1.799
1.15 0.53 0.101 1.488 1.487 1.484 1.483
1.15 0.53 4.68 · 10−2 1.331 1.331 1.330 1.330
1.15 0.53 0.350 1.773 1.772 1.768 1.766
1.15 2.1 · 10−2 0.126 1.697 1.703 1.694 1.690
1.15 2.1 · 10−2 5.49 · 10−2 1.423 1.425 1.424 1.423
1.15 2.1 · 10−2 0.496 2.201 2.201 2.196 2.193
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4.6.4 Pressure Drop
The dependence of the pressure drop on density ratio can be seen in Table 4.12. The
density ratio appears to have negligible effect on the pressure drop for all density. The
maximum percent difference for all of the cases was 0.8 %.
Table 4.12: Dependence of the relative pressure drop on density ratio (Ret = 0.01, λ = 4)
Input Variables γ = 0.01 γ = 0.10 γ = 0.56 γ = 1.00
D∗eq κ Cat φ φ φ φ
0.73 0.53 9.98 · 10−2 1.098 1.097 1.097 1.097
0.73 0.53 4.99 · 10−2 1.098 1.098 1.096 1.097
0.73 0.53 0.334 1.096 1.096 1.097 1.097
1.15 0.53 0.101 1.413 1.413 1.417 1.419
1.15 0.53 4.68 · 10−2 1.450 1.451 1.458 1.461
1.15 0.53 0.350 1.476 1.476 1.476 1.475
1.15 2.1 · 10−2 0.126 1.203 1.201 1.206 1.207
1.15 2.1 · 10−2 5.49 · 10−2 1.274 1.273 1.275 1.276
1.15 2.1 · 10−2 0.496 1.199 1.199 1.199 1.199
4.6.5 Film Thickness
Table 4.13 shows the minimum film thickness on the capillary number with density
ratio. There are negligible changes in the minimum film thickness of the droplet for all
cases considered. The maximum percent difference for the film thickness was 6.9 %. As
very little dependence is seen for any of the properties in this study which was performed
for Ret = 0.01, a higher Reynolds number may be needed to see any dependence on the
density ratio.
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Table 4.13: Dependence of the minimum film thickness on density ratio (Ret = 0.01, λ = 4)
Input Variables γ = 0.01 γ = 0.10 γ = 0.56 γ = 1.00
D∗eq κ Cat δmin δmin δmin δmin
0.73 0.53 9.98 · 10−2 1.098 1.097 1.097 1.097
0.73 0.53 4.99 · 10−2 1.098 1.098 1.096 1.097
0.73 0.53 0.334 1.096 1.096 1.097 1.097
1.15 0.53 0.101 1.413 1.413 1.417 1.419
1.15 0.53 4.68 · 10−2 1.450 1.451 1.458 1.461
1.15 0.53 0.350 1.476 1.476 1.476 1.475
1.15 2.1 · 10−2 0.126 1.203 1.201 1.206 1.207
1.15 2.1 · 10−2 5.49 · 10−2 1.274 1.273 1.275 1.276
1.15 2.1 · 10−2 0.496 1.199 1.199 1.199 1.199
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Chapter 5
Rotation-Driven Segmented Flow in a
Square Channel
For the rotational simulations, the work done here will not be as extensive as what was
done for pressure-driven flow. The droplet size, droplet spacing, viscosity ratio, and density
ratio are not varied in this study. The simulation will first be verified by comparing it to
results from a different numerical code. Then, results will be discussed for a simulation
driven by a pressure gradient with an artificial Coriolis force. This case is intended for
studying the effects of Coriolis with centrifugal force. Next, results will be discussed for a
simulation in which only centrifugal forces are present (no Coriolis forces) and driving the
flow. This is equivalent to a gravity-driven flow. Finally, the full effects of rotation at a
constant speed (centrifugal and Coriolis forces) will be simulated.
5.1 Verification
In order to validate the rotational simulations, results were compared to unpublished
front-tracking results from Eamonn Walker, another graduate student in LSU Mechanical
Engineering [43]. These simulations model the full rotation (centrifugal and Coriolis) plus
an external pressure source. The pressure gradient was set equal to the average centrifugal
body force as shown in Equation 5.1. Table 5.1 shows results for a simulation from Walker’s
front-tracking results compared to results from an ANSYS Fluent VOF simulation. There
is less than 2% difference between the Reynolds number and capillary number. For the
mobility and the x∗ centroid drift, the percent difference is less than 1%.
∂P ∗
∂z∗
=
Eo
RetCat
C + Dγ
1− γ (5.1)
Figure 5.1 shows a pressure contour plot of the x∗ − z∗ plane of the channel with
streamlines overlaid. The pressure contour and streamlines for both simulations look the
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Table 5.1: Comparison to Eamonn Walker (Eo = 10, Ek = 0.1, La = 10, λ = 4, γ = 0.56,
κ = 0.53, D∗eq = 1.20)
Case Ret Cat
wD
J
x∗ Centroid Drift
Front-Tracking 0.463 4.63 · 10−2 2.213 6.369 · 10−3
ANSYS Fluent VOF 0.471 4.71 · 10−2 2.230 6.416 · 10−3
Max %∆ 1.713 1.713 0.765 0.735
same. The same three vortices appear in the droplet and a cross flow is featured in the
carrier fluid. This comparison verifies that both the front-tracking code and the ANSYS
Fluent are solving the same equations correctly.
Figure 5.1: Streamline plot relative to the droplet overlaid on a pressure contour plot for a
x∗ − z∗ plane for D∗eq = 1.20, λ = 4, γ = 0.56, and κ = 0.53 at varying Reynolds numbers
5.2 Coriolis with Constant Driving Force
In order to understand the effect of the Coriolis force alone on the flow, a constant
pressure gradient was maintained and the Coriolis force was increased using the Ekman
number. The centrifugal force is neglected in order to study the effects of the Coriolis
force independently. As there is no centrifugal force, the Eo¨tvo¨s number is not relevant.
These simulations are not intending to model a physical system and are instead used to
gain insight into the more complex case where centrifugal force and Coriolis force are both
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present. The inputs for the simulations are shown in 5.2. These simulations use close to
the same parameters as those used by Eamonn Walker for his front tracking simulations,
in order to verify that the two simulation methods produce the same result.
Table 5.2: Input properties for Ekman number dependence simulations
Case Ek D∗eq λ γ κ Re
′ Ca′ ∂P
∗
∂z∗ sp We
′ La
Current Study 0.02 to 2 1.2 4 0.56 0.53 1 0.1 −28.45 0.1 10
Eamonn Walker 0.02 to 3 1.2 4 0.56 0.53 1 0.1 −28.7 0.1 10
Tabular data for this study can be found in the Appendix in Table A.21.
5.2.1 Flow Field
A phase contour for the x∗-z∗ plane of the channel with streamlines overlaid is shown
for a high and low Ekman number in Figure 5.2.
Figure 5.2: Streamlines of flow relative to the droplet overlaid on a phase contour plot for
the x∗-z∗ plane for D∗eq = 1.20, λ = 4, γ = 0.56, and κ = 0.53
For the larger Ekman number, the viscous forces dominate the Coriolis forces so the
flow field is relatively unchanged by the Coriolis forces. The flow field looks similar to
flow-fields in the pressure-driven flow study. There is a recirculating vortex in the carrier
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fluid that is attached to the droplet at the head and tail. Due to the attachment at the
head, a vortex appears inside the droplet at that location and the same thing happens for
the tail. A large vortex exists inside the droplet.
For the lower Ekman number, the Coriolis forces are much stronger. A cross flow forms
in the carrier fluid. The flow in the carrier fluid is similar to that which would exist in a
single phase flow for high Coriolis forces. The droplet moves towards one of the walls and
is also no longer symmetrical, justifying the use of the full grid over the one-fourth sector
with symmetry planes. The vortices inside the droplet are also much different than those
seen at higher Ekman numbers.
5.2.2 Drift
Figure 5.3 shows that the drift in the centroid of the droplet in the x∗ direction with
Ekman number. The droplet drifts more in the x∗ direction as the Ekman number decreases.
This is due to the increase in Coriolis forces to viscous forces.
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Figure 5.3: Dependence of the drift of the droplet on Ekman number for a constant driving
force (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53)
For previous simulations on a non-rotating platform, the droplet was expected to stay
centered in the channel so symmetry boundary conditions were used. The introduction of
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the Coriolis force causes the droplet to move in the x∗ direction. For these simulations, a
full grid was used. The droplet is able to reach a steady state in which it is not centered
in the channel. The results shown from Eamonn Walker’s front-tracking simulations agree
well with the results of this study.
5.2.3 Mobility
Figure 5.4 shows how the mobility changes with Ekman number. It does not seem
to have a large effect on the mobility from 2 to 0.5, but it appears to start decreasing
between 0.5 and 0.1. A low Ekman number has a large effect on the flow due to the higher
Coriolis forces compared to viscous forces. The results shown are slightly lower than those
of Eamonn Walker’s front-tracking code.
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Figure 5.4: Dependence of the mobility on capillary number for varying Ekman number
and constant driving force (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53)
5.2.4 Flow Ratio
Figure 5.5 shows the dependence of the carrier flow ratio on the Ekman number for
a constant driving force. The flow ratio is directly related to the mobility and volume
fraction using Equation 2.8. As the volume fraction is constant for these simulations, due
to the droplet size and spacing being fixed, the trends for the flow ratio will simply be the
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reverse of the trends in mobility. As the Ekman number decreases, the flow ratio shows an
increase at lower Ekman numbers.
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Figure 5.5: Dependence of the carrier flow ratio on Ekman number for a constant driving
force (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53)
5.3 Pure Centrifugal or Gravity Driven
For these flows, only the centrifugal force is active in order to see how the system reacts
without the Coriolis force being modeled. This is equivalent to a gravity force parallel to
the channel length driving the flow. The Eo¨tvo¨s number is varied in order to see how the
flow changes.
For the pressure driven flows, the capillary number was varied while keeping the
Reynolds number constant. For this flow, no attempt was made at keeping the Reynolds
number constant and it is allowed to increase with increases in capillary number. The
higher Reynolds number observed in this simulation set is Ret = 8.
Table 5.3: Input properties for centrifugal simulations with Coriolis
Eo D∗eq λ γ κ Re
′ Ca′ We′ La
0.83 to 3.33 1.2 4 0.56 0.53 1 0.333 0.333 3
0.5 to 12 1.2 4 0.56 0.53 1 0.1 0.1 10
0.5 to 6 1.2 4 0.56 0.53 1 0.05 0.05 20
1 to 3.33 1.2 4 0.56 0.53 1 0.0333 0.0333 30
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Tabular data for this study can be found in the Appendix in Table A.22.
5.3.1 Relation between Eo¨tvo¨s Number and Capillary Number
Figure 5.6 shows the dependence of the capillary number and Reynolds number on the
Eo¨tvo¨s number. As the Eo¨tvo¨s number increases, the capillary number also increases. This
is because a larger Eo¨tvo¨s number has a larger centrifugal acceleration. This is similar to
the pressure-driven flows where an increase in the pressure gradient increases the capillary
number.
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Figure 5.6: Dependence of capillary and Reynolds number on Eo¨tvo¨s number for rotation-
driven flow without Coriolis, blue: capillary number, red: Reynolds number (D∗eq = 1.20,
λ = 4, γ = 0.56, κ = 0.53)
The capillary number, for these cases, follows a single curve with Eo¨tvo¨s number. The
Reynolds number also increases with Eo¨tvo¨s number, but all of the Reynolds number data
does not fall on the same curve as the capillary number data does. The dependence of
the Reynolds number on the Eo¨tvo¨s number changes based on the Laplace number, which
defined by La = Ret
Cat
. For some cases, more than one Laplace number was simulated at
the same Eo¨tvo¨s number, but result in different Reynolds numbers. This can be seen for
Eo = 5 for La = 10 and 20. Even though there is variation in the Reynolds number, it
still stays low for these simulations (Ret < 10).
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For these simulations, there is a direct increase in the capillary number with Eo¨tvo¨s
number. In order to directly compare results from the rotation-driven simulations to the
pressure-driven simulations, the plots in this section will place the capillary number on the
independent axis. Figure 5.6 can be referred to to see the corresponding Eo¨tvo¨s number
for each capillary number.
5.3.2 Droplet Corner Deformation
Figure 5.7 shows the corner deformation of the droplet with capillary number. The
corner deformation increases at lower capillary numbers as it does for the pressure driven
flow. The start of the corner deformation occurs around capillary number Cat = 0.2.
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Figure 5.7: Dependence of droplet corner on capillary number for rotation-driven flow
without Coriolis (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 3.7± 73%)
The trend in the corner deformation for the rotation-driven flow neglecting Coriolis or
gravity-driven flow is similar to that of the pressure-driven flow. There does not appear to
be an increase in droplet corner deformation at higher capillary numbers. For the pressure-
driven flow, at a slightly smaller droplet size (D∗eq = 1.15) and the same viscosity ratio
(κ = 0.53), there also did not appear to be deformation at higher capillary number.
As the capillary number and Eo¨tvo¨s number are directly related, a decrease in Eo¨tvo¨s
number will cause larger droplet corner deformation. The droplet corner deformation occurs
for an Eo¨tvo¨s number between Eo = 2 and 3.
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5.3.3 Length of the Droplet
The change in the length of the droplet with capillary number due to centrifugally
driven flow without Coriolis forces is shown in Figure 5.8. The length of the droplet
increases with capillary number, which is the same trend shown in the pressure-driven
flow. Since the capillary number and Eo¨tvo¨s number are directly related, increasing the
Eo¨tvo¨s number will cause the droplet to elongate.
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Figure 5.8: Dependence droplet length on capillary number for rotation-driven flow without
Coriolis (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 3.7± 73%)
5.3.4 Mobility
The change in mobility with capillary number for centrifugally driven flow while ne-
glecting Coriolis forces is shown in Figure 5.9. A curve fit of pressure driven flow at a
similar droplet size (D∗eq = 1.15) is also shown and was drawn using Equation 4.1. The
mobility increases with capillary number for the centrifugally driven flow without Coriolis
forces, which is the same trend as seen for the pressure driven flow. The mobility is lower
at equivalent capillary number for the centrifugally driven flow. Due to the direct relation-
ship between capillary number and Eo¨tvo¨s number, as the Eo¨tvo¨s number increases, the
mobility also increases.
wD
J
=
1.91Cat + 0.1768
Cat + 0.1582
(5.2)
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A new trend line has been created for the curve of the rotation-driven trend which will
be used later to compare to the full rotation case. A trend line for the rotation-driven flow
without Coriolis is shown in Figure 5.9. This trend is found using Equation 5.2 which has
an r-squared value of 0.9999.
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Figure 5.9: Dependence of the mobility of the droplet on capillary number for rotation-
driven flow without Coriolis (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 3.7± 73%)
5.3.5 Film Thickness
Figure 5.10 shows the film thickness with capillary number for a centrifugally driven
flow without Coriolis forces. The film thickness increases with capillary number, just as
it does for the pressure-driven flow. A trend line using Equation 4.2 is also shown for the
pressure driven case with a droplet size (D∗eq = 1.15) which is similar to the rotational
case presented. The film thickness for the rotation-driven flow without Coriolis forces is
smaller than the pressure driven flow at the same capillary number. Since the minimum
film thickness increases with capillary number, it also increases with Eo¨tvo¨s number.
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A trend line using Equation 5.3 is shown for rotation-driven flow without Coriolis. This
trend has an r-squared value of 0.9991.
δmin =
0.3332Cat − 0.001722
Cat + 0.605
(5.3)
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Figure 5.10: Dependence of the minimum film thickness with capillary number for rotation-
driven flow without Coriolis (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 3.7± 73%)
5.3.6 Flow Ratio
Figure 5.11 shows the dependence of the carrier flow ratio on the capillary number for
centrifugal driven flow without Coriolis. The flow ratio is directly related to the mobility
and volume fraction using Equation 2.8. As the capillary number and Eo¨tvo¨s number are
directly related, an increase in Eo¨tvo¨s number will cause the carrier flow ratio to decrease.
As the volume fraction is constant for these simulations, due to the droplet size and
spacing being fixed, the trends for the flow ratio will be the reverse of the trends in mobility.
As the capillary number decreases, the carrier flow ratio decreases.
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Figure 5.11: Dependence of the carrier flow ratio on capillary number for centrifugal driven
flow without Coriolis (D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 3.7± 73%)
5.4 Full Rotation
Simulations were performed to see the effect of centrifugal and Coriolis force at a
constant R∗. For the full rotation simulations, many properties are varied including the
Eo¨tvo¨s and Ekman numbers while keeping the radius of rotation constant with a magnitude
R∗ = 2493.
Table 5.4: Input properties for centrifugal simulations with Coriolis (full rotation)
Eo Ek D∗eq λ γ κ Re
′ Ca′ We′ La
1.67 to 3.33 14.79 to 10.46 1.2 4 0.56 0.53 1 0.333 0.333 3
0.5 to 5 14.79 to 10.47 1.2 4 0.56 0.53 1 0.1 0.1 10
0.5 to 5 10.46 to 3.31 1.2 4 0.56 0.53 1 0.05 0.05 20
Tabular data for this study can be found in the Appendix in Table A.23.
5.4.1 Relation between Eo¨tvo¨s Number and Capillary Number
Figure 5.12 shows the dependence of the capillary number and Reynolds number on
the Eo¨tvo¨s number for the full rotation case which includes centrifugal and Coriolis forces.
As the Eo¨tvo¨s number increases, the capillary number increases. The relationships in this
plot are similar to Figure 5.6. This is because the Ekman number for these simulations is
low, so the Coriolis forces do not have a large impact on the flow. Similar to the rotation-
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driven flow that neglects Coriolis, as the Eo¨tvo¨s number increases, the capillary number
and Reynolds numbers also increase. The Reynolds number does not fall on the same curve
and its relationship is dependent on the Laplace number which is defined by La = Ret
Cat
.
The Reynolds number stays low for these simulations (Ret < 10), so it is not expected to
have a large effect. As the relationship between the Eo¨tvo¨s number and capillary number
is direct, the capillary number will be placed on the independent axis for this section.
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Figure 5.12: Dependence of capillary and Reynolds number on Eo¨tvo¨s number for full
rotation, blue: capillary number, red: Reynolds number (D∗eq = 1.20, λ = 4, γ = 0.56,
κ = 0.53)
Figure 5.13 shows the variation in Ekman number with Eo¨tvo¨s number for the case of
full rotation. As the Eo¨tvo¨s number increases, the Ekman number decreases. It can be
observed that at the same Eo¨tvo¨s number, the Ekman number changes depending on the
Laplace number. This can be directly seen in Equation 2.4, which is R∗ = R
D
= RetEk
2Eo
|1−γ|Cat .
Since the radius of rotation (R∗) and the density ratio (γ) are fixed for these simulations,
the only way that the relationship between the Ekman number and Eo¨tvo¨s number can
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change is by changing the Laplace number. Lower Ekman numbers can be reached at an
equivalent Eo¨tvo¨s number by increasing the Laplace number.
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Figure 5.13: Dependence of Ekman number on Eo¨tvo¨s number for full rotation (D∗eq = 1.20,
λ = 4, γ = 0.56, κ = 0.53)
5.4.2 Flow Field
Figure 5.14 shows streamlines and the droplet shape for a high Eo¨tvo¨s number and a
lower Eo¨tvo¨s number. Although the Eo¨tvo¨s number is relatively higher, the Eo¨tvo¨s number
is still not high enough for the droplet to change direction. No signs of cross flow are seen
in either flow field, so it does not seem that the Coriolis forces have a large effect on the
flow for this value of R∗. The droplet shapes are similar to those that can be found in a
pressure-driven flow. For higher Eo¨tvo¨s number, the capillary number increases and the
recirculation in the carrier fluid moves towards the center of the channel.
For a constant R∗, constant capillary number, Reynolds number, and density ratio,
the value of the Ekman number is limited by the value of the Eo¨tvo¨s number. The lowest
Ekman number that was able to be reached for these simulations was Ek = 3.3 as at larger
Eo¨tvo¨s number. So, the Ekman number likely needs to be less than Ek = 3.3 to see an
effect.
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Figure 5.14: Streamlines of flow relative to the droplet overlaid on a phase contour plot for
the x∗-z∗ plane for D∗eq = 1.20, λ = 4, γ = 0.56, and κ = 0.53
5.4.3 Droplet Corner Deformation
Figure 5.15 shows the corner deformation of the droplet for various capillary numbers
for full rotational flow. The corner deformation is higher at lower Capillary numbers and
does not show differences from the flow which neglects Coriolis forces.
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Figure 5.15: Corner deformation of the droplet with capillary number for full rotation
(D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 1.87± 134%)
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5.4.4 Length of the Droplet
The length of the droplet as it varies with capillary number is shown in Figure 5.16
for full rotational flow. The trend is the same as when neglecting Coriolis forces or a
pressure-driven flow.
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Figure 5.16: Length of the droplet with capillary number for full rotation (D∗eq = 1.20,
λ = 4, γ = 0.56, κ = 0.53, Ret = 1.87± 134%)
5.4.5 Mobility
The mobility as it varies with capillary number is shown in Figure 5.17 for a full
rotational flow. A curve is shown which represents the trend for the same droplet size for
the case of rotation-driven flow without Coriolis forces. The mobility for the full rotation
falls on the same curve over the range simulated. This indicates that there are conditions
possible where a stable droplet flow can be achieved by a rotation-driven flow without
detrimental effects of the Coriolis forces.
The simulations studying the Coriolis force with a constant driving force only showed
a dip in the mobility when the Ek < 0.5. So, in order to see an effect on the mobility,
simulations should be performed for lower Ekman numbers.
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Figure 5.17: Mobility of the droplet with capillary number for full rotation (D∗eq = 1.20,
λ = 4, γ = 0.56, κ = 0.53, Ret = 1.87± 134%)
5.4.6 Film Thickness
The minimum film thickness as it varies with capillary number is shown in Figure 5.18
for a full rotational flow. The minimum film thickness increases with capillary number. A
curve is shown which represents the trend for the same droplet size for rotation without
Coriolis forces. The film thickness for the full rotation falls on the same curve over the
range simulated, just as it did for the mobility.
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Figure 5.18: Minimum film thickness with capillary number for full rotation (D∗eq = 1.20,
λ = 4, γ = 0.56, κ = 0.53, Ret = 1.87± 134%)
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5.4.7 Flow Ratio
Figure 5.19 shows the dependence of the carrier flow ratio on the capillary number
for full rotation. The flow ratio is directly related to the mobility and volume fraction
using Equation 2.8. Due to the droplet size and spacing being fixed, the volume fraction is
constant for these simulations. Therefore, the trends for the flow ratio will be the reverse of
the trends in mobility. As the capillary number decreases, the carrier flow ratio decreases.
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Figure 5.19: Dependence of the carrier flow ratio with capillary number for full rotation
(D∗eq = 1.20, λ = 4, γ = 0.56, κ = 0.53, Ret = 1.87± 134%)
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Chapter 6
Conclusions
This study was performed to understand the behavior of segmented flow in microchan-
nels to aid in the development of lab-on-a-chip and lab-on-a-CD technologies. The first
part of the study computationally explored segmented flow in a square channel using AN-
SYS Fluent 15.0 which is useful for lab-on-a-chip applications. The second part studied
segmented flow in square channel on a rotating platform, which useful for lab-on-a-CD
systems.
6.1 Pressure-Driven Segmented Flow in a Square Channel
For the case of pressure-driven segmented flow in a square channel, the effects of cap-
illary number, Reynolds number, droplet size, droplet spacing, viscosity ratio, and density
ratio on the flow field, droplet geometry, mobility, and pressure drop were explored.
It was found that fluid will jet forth from the tail of the droplet when a critical capillary
number is reached (around Cat = 1) for κ ≤ 1 and low Reynolds numbers (Ret < 1).
Larger capillary numbers can be achieved for lower viscosity ratios. A similar result was
previously found by Lac and Sherwood for circular channels [31]. In their study, they also
found behavior different from jetting for κ > 1, so future work could potentially look at
the behavior of at those viscosity ratios in square channels. A closer look at the jetting
behavior of droplets should be considered as well.
The effect of the density ratio was explored for low Reynolds numbers, around Ret =
0.01. Density ratios 0.01 ≤ γ ≤ 1.0 were shown to not have an effect on the flow for viscosity
ratio κ = 0.53 over the range 0.73 ≤ D∗eq ≤ 1.15 and 0.05 ≤ Cat ≤ 0.35. Additionally,
for a lower viscosity ratio, κ = 0.021, there was no effect for droplet size D∗eq = 1.15 for
0.055 ≤ Cat ≤ 0.5. At larger Reynolds numbers, when inertia plays a greater role, the
droplet ratio may have a larger effect.
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At low capillary numbers, there is a critical capillary number, around Cat = 0.1, in
which the droplet starts to expand into the channel corners for larger droplet sizes Deq > 1.
The amount of droplet corner deformation (χ) increases with decreasing capillary number.
Reynolds number studies showed that this deformation can increase or decrease at larger
Reynolds numbers (Ret > 10). Further study is required to understand the role of inertial
effects on the droplet corner deformation.
Near the discussed critical capillary number where droplet deformation is observed,
there is a minimum in the relative pressure drop. As the droplet size increased from
D∗eq = 0.91 to 1.32, the capillary number at which the minimum occurred decreased. The
capillary number at which the minimum occurred also decreased with increasing viscosity
ratio.
An additional corner deformation was observed at higher capillary numbers which
increases with capillary number. The amount of corner deformation is greater at lower
viscosity ratios.
The effect of droplet size was studied for low Reynolds number (Ret = 0.01). For
droplet size D∗eq < 1, the mobility decreases with increasing droplet size and the changes in
this droplet size range are greater for lower capillary numbers. For droplet size D∗eq > 1.2,
the mobility does not vary with droplet size.
At larger Reynolds numbers (Ret > 10), a lower droplet size (D
∗
eq = 0.91) could cause
a drop in the mobility with Reynolds number at lower capillary numbers. For D∗eq = 0.91
and Cat = 0.10, the drop becomes a minimum that is associated with a maximum in the
relative pressure drop.
The droplet length increases with Reynolds number and flows at lower capillary number
are more resistant to the change in length. For larger Reynolds numbers, there is a large
variation in the shapes of the droplet as well as the behavior of the flow. More study on
inertia in segmented flow should be done to better understand its role, which from the
current study, at least depends on capillary number, Reynolds number, and droplet size.
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The droplet spacing also does not have a large role on the flow for 1.75 ≤ λ ≤ 10,
except for the pressure drop. The relative pressure drop (φ) is higher for lower droplet
spacing (λ).
For lower viscosity ratios (κ = 0.021 and 0.10), complete bypass flow was observed at
lower capillary numbers. The capillary number at which bypass flow occurs increases with
viscosity ratio. Complete bypass flow was not observed for κ = 0.53 and 1.0. Jetting flow
occurred before complete bypass flow for all cases considered at larger capillary numbers
for those cases. The viscosity ratio at which the bypass flow is no longer possible is near
κ = 0.5 based on the asymptotic mobility curves with capillary number.
At low viscosity ratio, the transition from recirculating flow to complete bypass can
be observed with increasing capillary number. For, κ = 0.021, as the capillary number
increased, the center of the vortex in the carrier fluid moved towards the center of the
channel. At some point, the vortex detached from the head of the droplet and later only
a small vortex remained near the tail of the droplet. At a higher capillary number, only
bypass flow remained.
For viscosity ratio κ = 0.53, carrier fluid vortex separation from the tail of the droplet
can be seen at higher capillary numbers. For one case, D∗eq = 1.32 and Cat = 0.543, there
appears to be a small vortex seen in the late stages of the transition from recirculation to
bypass flow. This case also has a small separation distance (λ − Dz). The mobility and
film thickness for this case does not fit the curve that the other data points fall on. More
investigation into this case is needed.
It appears that at low Reynolds number (Ret = 0.01) and large droplet size (D
∗
eq > 1.2)
the flow is only a function of the capillary number and viscosity ratio. More work is
necessary to determine an equation for each parameter as a function of capillary number
and viscosity ratio. For now, Equation 4.1 can be used to obtain an estimated mobility
and Equation 4.2 can be used to obtain an estimated film thickness for κ = 0.53. These
equations can be used for 0.03 ≤ Cat ≤ 0.84.
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6.2 Rotation-Driven Segmented Flow in a Square Channel
For the case of rotation-driven segmented flow, a more limited study was performed in
which the droplet size, droplet spacing, viscosity ratio, and density ratio were constant.
Simulations were run for Coriolis forces without centrifugal forces. It was found that at
lower Ekman numbers, the droplet moved towards the wall. Even though the droplet moved
away from the center of the channel, a stable, steady-state flow could still be achieved. At
lower Ekman numbers, a cross flow appeared and the mobility decreased.
For a flow with centrifugal forces and neglecting Coriolis forces, the flow is the same
as a gravity-driven flow. When studied, it was found that the mobility and film thickness
were lower for the gravity-driven flow than the pressure-driven flow. The overall trends
were the same as the pressure-driven flow.
For the full rotation case, which includes both centrifugal and Coriolis forces, the points
all fell along the same curve as the centrifugal without Coriolis simulations. This indicate
that there is a range of parameters that produce rotation-driven segmented flow without
being obstructed by the Coriolis forces. More work should be done in this area to better
understand the range of parameters in which rotation-driven segmented flow can occur.
Also of interest is what kind of effects that the Coriolis forces can have on the flow and
determining if they can be utilized.
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Appendix:
Tabular Data
Table A.1: Capillary number dependence (D∗eq = 0.73, Ret = 0.0100 ± 0.1%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.05)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
2 · 10−2 1.730 0.73 1.10 0.136 0.914 1.1 · 10−1 7.1 · 10−2
2.49 · 10−2 1.731 0.73 1.10 0.136 0.914 1.2 · 10−1 6.5 · 10−2
3.33 · 10−2 1.732 0.73 1.10 0.136 0.913 8.4 · 10−2 3.2 · 10−2
4 · 10−2 1.733 0.73 1.10 0.136 0.913 2 · 10−1 1.5 · 10−1
4.99 · 10−2 1.732 0.73 1.10 0.137 0.914 8.7 · 10−2 6.4 · 10−2
6.66 · 10−2 1.734 0.73 1.10 0.137 0.913 8.3 · 10−2 7.4 · 10−2
9.98 · 10−2 1.738 0.74 1.10 0.139 0.913 2.9 · 10−2 1.8 · 10−2
0.125 1.742 0.74 1.10 0.140 0.913 2.2 · 10−2 1.9 · 10−2
0.167 1.751 0.75 1.10 0.142 0.912 7.7 · 10−2 6.6 · 10−2
0.334 1.800 0.82 1.10 0.160 0.910 4.5 · 10−2 4.3 · 10−2
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Table A.2: Capillary number dependence (D∗eq = 0.91, Ret = 0.0100±2%, λ = 4, γ = 0.56,
κ = 0.53, D = 0.10)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
1.91 · 10−2 1.434 0.92 1.22 4.26 · 10−2 0.857 6 · 10−2 5.6 · 10−2
2.39 · 10−2 1.438 0.92 1.22 4.36 · 10−2 0.856 6.3 · 10−2 4.3 · 10−2
3.2 · 10−2 1.446 0.93 1.22 4.6 · 10−2 0.855 6.2 · 10−2 6.6 · 10−2
3.85 · 10−2 1.454 0.93 1.22 4.81 · 10−2 0.855 6.3 · 10−2 6.7 · 10−2
4.83 · 10−2 1.465 0.94 1.21 5.08 · 10−2 0.853 4.5 · 10−2 4.3 · 10−2
6.48 · 10−2 1.486 0.96 1.21 5.56 · 10−2 0.851 3 · 10−2 5.8 · 10−2
8.15 · 10−2 1.509 0.98 1.20 6.21 · 10−2 0.849 3.5 · 10−2 3.8 · 10−2
9.82 · 10−2 1.531 1.00 1.20 6.72 · 10−2 0.847 4.8 · 10−2 9.3 · 10−2
0.124 1.564 1.04 1.20 7.63 · 10−2 0.844 1.2 · 10−2 1.5 · 10−2
0.166 1.615 1.10 1.20 8.94 · 10−2 0.839 7.7 · 10−3 6.3 · 10−3
0.200 1.651 1.15 1.20 9.96 · 10−2 0.835 5.4 · 10−3 1.3 · 10−2
0.252 1.698 1.22 1.20 0.114 0.830 4.5 · 10−3 3.3 · 10−3
0.289 1.728 1.26 1.20 0.123 0.827 4.9 · 10−3 6.6 · 10−3
0.338 1.760 1.32 1.20 0.134 0.824 4.1 · 10−3 5.1 · 10−3
0.406 1.797 1.40 1.20 0.147 0.820 6 · 10−3 5.1 · 10−3
0.509 1.838 1.51 1.20 0.163 0.816 2.9 · 10−2 5.3 · 10−2
0.582 1.860 1.58 1.21 0.174 0.814 4.8 · 10−3 3.9 · 10−3
0.679 1.885 1.67 1.21 0.185 0.812 4.4 · 10−3 2.7 · 10−3
0.815 1.911 1.78 1.21 0.199 0.809 3.1 · 10−3 2.5 · 10−3
0.926 1.928 1.87 1.22 0.209 0.807 2.7 · 10−3 1.7 · 10−3
1.019 1.940 1.94 1.22 0.216 0.806 2.3 · 10−3 5.3 · 10−3
1.132 1.951 2.02 1.22 0.224 0.805 9.9 · 10−3 1.1 · 10−2
1.273 1.964 2.12 1.22 0.232 0.804 2.1 · 10−3 5.6 · 10−3
1.454 1.977 2.23 1.22 0.241 0.802 7.7 · 10−3 1 · 10−2
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Table A.3: Capillary number dependence (D∗eq = 1.15, Ret = 0.0101±5%, λ = 4, γ = 0.56,
κ = 0.53, D = 0.20)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
2.97 · 10−2 1.270 1.40 1.50 1.57 · 10−2 0.746 4.9 · 10−2 6.4 · 10−2
3.64 · 10−2 1.294 1.42 1.48 1.83 · 10−2 0.741 4.5 · 10−2 8.3 · 10−2
4.67 · 10−2 1.330 1.47 1.46 2.29 · 10−2 0.734 1.8 · 10−2 7.1 · 10−2
6.44 · 10−2 1.388 1.54 1.43 3.1 · 10−2 0.722 3.3 · 10−2 7.7 · 10−2
8.23 · 10−2 1.439 1.61 1.42 4.07 · 10−2 0.712 7.2 · 10−3 1.1 · 10−2
0.100 1.484 1.68 1.42 5.01 · 10−2 0.703 8.8 · 10−3 2.4 · 10−2
0.127 1.541 1.78 1.42 6.33 · 10−2 0.692 7.6 · 10−3 1.7 · 10−2
0.172 1.613 1.92 1.43 8.24 · 10−2 0.678 1.1 · 10−2 4.3 · 10−2
0.208 1.656 2.02 1.44 9.5 · 10−2 0.669 6.8 · 10−3 2.1 · 10−2
0.261 1.707 2.16 1.45 0.111 0.659 2.6 · 10−3 9.2 · 10−3
0.350 1.768 2.37 1.48 0.133 0.646 2.5 · 10−3 4.9 · 10−3
0.420 1.804 2.52 1.49 0.147 0.639 2.7 · 10−3 1.1 · 10−2
0.525 1.842 2.73 1.51 0.164 0.631 3 · 10−3 7.9 · 10−3
0.599 1.865 2.87 1.52 0.174 0.627 5.5 · 10−3 1.7 · 10−2
0.698 1.889 3.04 1.53 0.186 0.622 1.1 · 10−2 3.9 · 10−2
0.836 1.914 3.27 1.55 0.200 0.617 3 · 10−3 7.4 · 10−3
Table A.4: Capillary number dependence (D∗eq = 1.32, Ret = 0.0104±6%, λ = 4, γ = 0.56,
κ = 0.53, D = 0.30)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
3.05 · 10−2 1.256 1.92 1.76 1.35 · 10−2 0.623 2.3 · 10−2 4.6 · 10−2
3.76 · 10−2 1.288 1.97 1.73 1.56 · 10−2 0.614 2.3 · 10−2 5.4 · 10−2
4.87 · 10−2 1.333 2.04 1.71 2.04 · 10−2 0.600 1.5 · 10−2 5.8 · 10−2
6.74 · 10−2 1.398 2.17 1.70 3 · 10−2 0.581 8 · 10−3 2.6 · 10−2
8.64 · 10−2 1.452 2.28 1.71 4.09 · 10−2 0.564 1 · 10−2 6.9 · 10−2
0.105 1.498 2.39 1.72 5.15 · 10−2 0.551 3.8 · 10−3 1.5 · 10−2
0.133 1.553 2.53 1.75 6.51 · 10−2 0.534 3.9 · 10−3 2.3 · 10−2
0.154 1.586 2.63 1.78 7.41 · 10−2 0.524 4.8 · 10−3 2.5 · 10−2
0.180 1.623 2.75 1.80 8.5 · 10−2 0.513 4.1 · 10−3 1.6 · 10−2
0.197 1.643 2.82 1.82 9.05 · 10−2 0.507 2.3 · 10−3 1.1 · 10−2
0.362 1.773 3.42 1.97 0.136 0.468 6.4 · 10−3 2.2 · 10−2
0.435 1.803 3.60 2.00 0.147 0.459 1 · 10−2 5 · 10−2
0.543 1.826 3.77 2.04 0.160 0.452 4.3 · 10−3 1.4 · 10−2
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Table A.5: Reynolds number dependence (D∗eq = 0.91, Cat = 0.3361 ± 0.4%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.10)
Output Std Dev (%)
Ret Cat
wD
J
Dz φ δmin βC
wD
J
φ
1.01 · 10−2 0.338 1.760 1.32 1.20 0.134 0.824 4.1 · 10−3 5.1 · 10−3
0.10 0.338 1.760 1.32 1.20 0.134 0.824 7.9 · 10−3 1.1 · 10−2
0.35 0.338 1.761 1.32 1.20 0.134 0.824 7.1 · 10−3 1.3 · 10−2
0.71 0.338 1.760 1.32 1.20 0.134 0.824 1.8 · 10−3 1.4 · 10−3
1.01 0.338 1.760 1.32 1.20 0.134 0.824 4.7 · 10−3 1 · 10−2
2.53 0.338 1.759 1.33 1.20 0.134 0.824 2.3 · 10−3 2.1 · 10−3
10.11 0.337 1.756 1.33 1.20 0.134 0.824 5.2 · 10−4 8 · 10−4
25.20 0.336 1.754 1.35 1.20 0.135 0.825 9.2 · 10−4 4.9 · 10−4
50.25 0.335 1.755 1.39 1.21 0.139 0.825 1.2 · 10−3 7 · 10−13
75.27 0.335 1.760 1.44 1.21 0.145 0.824 4.6 · 10−4 4.1 · 10−4
125.36 0.334 1.775 1.54 1.21 0.159 0.823 5.9 · 10−4 4.7 · 10−4
150.44 0.334 1.783 1.59 1.21 0.164 0.822 4.8 · 10−4 2.6 · 10−13
200.66 0.334 1.799 1.68 1.22 0.176 0.820 1.7 · 10−3 5.5 · 10−4
301.18 0.335 1.827 1.84 1.22 0.193 0.817 2.6 · 10−4 4.1 · 10−4
Table A.6: Reynolds number dependence (D∗eq = 1.15, Cat = 0.3473 ± 0.7%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.20)
Output Std Dev (%)
Ret Cat
wD
J
Dz φ δmin βC
wD
J
φ
1.05 · 10−2 0.350 1.768 2.37 1.48 0.133 0.646 2.5 · 10−3 4.9 · 10−3
0.10 0.350 1.769 2.37 1.48 0.133 0.646 4.4 · 10−3 1.9 · 10−2
0.37 0.350 1.769 2.37 1.48 0.133 0.646 1.2 · 10−3 9.9 · 10−3
0.73 0.350 1.769 2.37 1.48 0.133 0.646 2.2 · 10−3 1.1 · 10−2
1.05 0.350 1.769 2.37 1.48 0.133 0.646 1.5 · 10−3 9.8 · 10−3
2.62 0.349 1.768 2.37 1.48 0.133 0.646 1.4 · 10−3 6 · 10−3
5.24 0.349 1.767 2.37 1.48 0.132 0.647 7.4 · 10−4 1.4 · 10−3
10.46 0.349 1.765 2.37 1.48 0.133 0.647 3.7 · 10−4 9.1 · 10−4
26.08 0.348 1.761 2.38 1.48 0.134 0.648 9.4 · 10−4 1.4 · 10−3
51.96 0.346 1.762 2.42 1.49 0.139 0.648 7.1 · 10−4 3.5 · 10−4
77.74 0.346 1.768 2.49 1.49 0.146 0.646 2.2 · 10−3 1 · 10−3
103.47 0.345 1.776 2.57 1.50 0.151 0.645 5.5 · 10−4 6.8 · 10−4
154.78 0.344 1.798 2.74 1.51 0.164 0.641 1.9 · 10−3 1.4 · 10−3
206.12 0.344 1.824 2.96 1.53 0.177 0.635 8.2 · 10−4 3.8 · 10−4
257.45 0.343 1.853 3.20 1.54 0.189 0.630 6.3 · 10−4 4.9 · 10−4
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Table A.7: Reynolds number dependence (D∗eq = 0.91, Cat = 0.0958 ± 2.7%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.10)
Output Std Dev (%)
Ret Cat
wD
J
Dz φ δmin βC
wD
J
φ
9.8 · 10−3 9.82 · 10−2 1.531 1.00 1.20 6.72 · 10−2 0.847 4.8 · 10−2 9.3 · 10−2
9.82 · 10−2 9.82 · 10−2 1.531 1.00 1.20 6.73 · 10−2 0.847 1.3 · 10−2 1.1 · 10−2
0.34 9.82 · 10−2 1.531 1.00 1.20 6.73 · 10−2 0.847 9.9 · 10−3 8.3 · 10−3
0.69 9.82 · 10−2 1.531 1.00 1.20 6.72 · 10−2 0.847 7.1 · 10−3 5.6 · 10−3
0.98 9.82 · 10−2 1.531 1.00 1.20 6.71 · 10−2 0.847 1.4 · 10−2 1.2 · 10−2
2.45 9.81 · 10−2 1.528 1.00 1.20 6.63 · 10−2 0.847 1.4 · 10−2 8.4 · 10−3
4.90 9.8 · 10−2 1.524 1.00 1.20 6.55 · 10−2 0.848 6.5 · 10−3 6.5 · 10−3
9.77 9.77 · 10−2 1.517 1.00 1.21 6.38 · 10−2 0.848 1.8 · 10−3 1 · 10−3
24.20 9.68 · 10−2 1.495 0.99 1.21 5.82 · 10−2 0.851 1.3 · 10−2 7.2 · 10−3
47.72 9.54 · 10−2 1.470 0.99 1.23 5.2 · 10−2 0.853 3.5 · 10−3 7.1 · 10−4
93.28 9.33 · 10−2 1.448 1.01 1.25 4.76 · 10−2 0.855 8.9 · 10−4 1.6 · 10−3
115.55 9.24 · 10−2 1.446 1.04 1.26 4.74 · 10−2 0.855 1.1 · 10−3 6.9 · 10−3
138.59 9.24 · 10−2 1.452 1.07 1.27 4.9 · 10−2 0.855 8 · 10−3 1.7 · 10−3
161.56 9.23 · 10−2 1.461 1.11 1.27 5.09 · 10−2 0.854 9.4 · 10−3 2.6 · 10−3
184.87 9.24 · 10−2 1.474 1.15 1.27 5.41 · 10−2 0.853 1 · 10−3 9.4 · 10−4
233.36 9.33 · 10−2 1.515 1.27 1.26 6.64 · 10−2 0.849 1.7 · 10−3 4.8 · 10−4
284.38 9.48 · 10−2 1.573 1.41 1.25 8.66 · 10−2 0.843 7.2 · 10−3 2.1 · 10−3
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Table A.8: Reynolds number dependence (D∗eq = 1.15, Cat = 0.0978 ± 2.6%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.20)
Output Std Dev (%)
Ret Cat
wD
J
Dz φ δmin βC
wD
J
φ
1 · 10−2 0.100 1.484 1.68 1.42 5.01 · 10−2 0.703 8.8 · 10−3 2.4 · 10−2
0.10 0.100 1.485 1.68 1.42 5.04 · 10−2 0.703 5.9 · 10−3 1.8 · 10−2
0.35 0.100 1.485 1.68 1.42 5.04 · 10−2 0.703 7.2 · 10−3 1.6 · 10−2
1.00 0.100 1.485 1.68 1.42 5.03 · 10−2 0.703 6.4 · 10−3 1 · 10−2
2.51 0.100 1.485 1.68 1.42 5.01 · 10−2 0.703 6.9 · 10−3 8.5 · 10−3
5.01 0.100 1.484 1.68 1.42 4.98 · 10−2 0.703 4.7 · 10−3 5.8 · 10−3
9.99 9.99 · 10−2 1.483 1.68 1.42 4.93 · 10−2 0.703 6.9 · 10−4 2.4 · 10−3
24.79 9.92 · 10−2 1.481 1.69 1.43 4.83 · 10−2 0.704 1.5 · 10−3 1.5 · 10−3
48.94 9.79 · 10−2 1.480 1.70 1.45 4.83 · 10−2 0.704 8.6 · 10−4 2.4 · 10−3
95.95 9.6 · 10−2 1.486 1.75 1.48 5.07 · 10−2 0.703 2.2 · 10−3 1.7 · 10−3
119.22 9.54 · 10−2 1.492 1.78 1.49 5.25 · 10−2 0.702 1.9 · 10−3 2.7 · 10−3
142.64 9.51 · 10−2 1.500 1.82 1.50 5.48 · 10−2 0.700 2.4 · 10−3 9.9 · 10−4
163.92 9.37 · 10−2 1.502 1.85 1.53 5.62 · 10−2 0.700 7.1 · 10−3 1.9 · 10−2
190.07 9.5 · 10−2 1.520 1.91 1.51 6.23 · 10−2 0.696 4.8 · 10−4 8 · 10−4
238.35 9.53 · 10−2 1.545 2.01 1.52 7.21 · 10−2 0.691 8.7 · 10−4 2.2 · 10−3
286.80 9.56 · 10−2 1.571 2.12 1.53 8.33 · 10−2 0.686 1.3 · 10−3 1.8 · 10−3
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Table A.9: Reynolds number dependence (D∗eq = 0.91, Cat = 0.0461 ± 5.4%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.10)
Output Std Dev (%)
Ret Cat
wD
J
Dz φ δmin βC
wD
J
φ
9.7 · 10−3 4.83 · 10−2 1.465 0.94 1.21 5.08 · 10−2 0.853 4.5 · 10−2 4.3 · 10−2
9.66 · 10−2 4.83 · 10−2 1.465 0.94 1.21 5.08 · 10−2 0.853 4.3 · 10−2 7.7 · 10−2
0.34 4.83 · 10−2 1.466 0.94 1.21 5.09 · 10−2 0.853 3.5 · 10−2 2 · 10−2
0.68 4.83 · 10−2 1.466 0.94 1.21 5.1 · 10−2 0.853 3.8 · 10−2 6.4 · 10−2
0.97 4.83 · 10−2 1.464 0.94 1.21 5.06 · 10−2 0.854 3 · 10−2 6.5 · 10−2
2.41 4.83 · 10−2 1.462 0.94 1.21 5.02 · 10−2 0.854 1 · 10−2 4.3 · 10−3
4.82 4.82 · 10−2 1.460 0.94 1.21 4.95 · 10−2 0.854 2.2 · 10−2 1.5 · 10−2
9.61 4.81 · 10−2 1.453 0.94 1.22 4.8 · 10−2 0.855 1.7 · 10−2 7.5 · 10−3
23.80 4.76 · 10−2 1.435 0.93 1.23 4.24 · 10−2 0.857 1.5 · 10−3 8 · 10−4
46.90 4.69 · 10−2 1.409 0.92 1.24 3.69 · 10−2 0.859 1.7 · 10−3 6.2 · 10−4
90.02 4.5 · 10−2 1.373 0.91 1.29 2.88 · 10−2 0.863 1.1 · 10−3 4.1 · 10−2
109.13 4.37 · 10−2 1.361 0.90 1.33 2.68 · 10−2 0.864 4.6 · 10−3 8.9 · 10−2
133.19 4.44 · 10−2 1.352 0.90 1.30 2.58 · 10−2 0.865 1.3 · 10−3 2.4 · 10−3
150.41 4.3 · 10−2 1.343 0.90 1.34 2.44 · 10−2 0.866 1.2 · 10−3 5 · 10−2
173.78 4.34 · 10−2 1.337 0.91 1.33 2.41 · 10−2 0.866 1.1 · 10−3 5 · 10−3
211.03 4.22 · 10−2 1.328 0.91 1.37 2.32 · 10−2 0.867 2.5 · 10−3 2.4 · 10−2
252.34 4.21 · 10−2 1.323 0.92 1.37 2.31 · 10−2 0.868 8.1 · 10−4 9.9 · 10−3
Table A.10: Reynolds number dependence (D∗eq = 1.15, Cat = 0.0449 ± 4.6%, λ = 4,
γ = 0.56, κ = 0.53, D = 0.20)
Output Std Dev (%)
Ret Cat
wD
J
Dz φ δmin βC
wD
J
φ
9.3 · 10−3 4.67 · 10−2 1.330 1.47 1.46 2.29 · 10−2 0.734 1.8 · 10−2 7.1 · 10−2
9.36 · 10−2 4.68 · 10−2 1.331 1.47 1.46 2.29 · 10−2 0.734 3.2 · 10−2 5.6 · 10−2
0.33 4.68 · 10−2 1.331 1.47 1.46 2.29 · 10−2 0.734 1.7 · 10−2 1.8 · 10−2
0.66 4.68 · 10−2 1.331 1.47 1.46 2.29 · 10−2 0.734 3.4 · 10−2 3.8 · 10−2
0.94 4.68 · 10−2 1.331 1.47 1.46 2.29 · 10−2 0.734 8.9 · 10−3 1.2 · 10−2
4.64 4.64 · 10−2 1.326 1.46 1.47 2.24 · 10−2 0.735 6 · 10−3 1.2 · 10−2
23.06 4.61 · 10−2 1.326 1.47 1.48 2.22 · 10−2 0.735 7.2 · 10−3 3 · 10−3
45.45 4.54 · 10−2 1.323 1.47 1.50 2.22 · 10−2 0.736 3.4 · 10−3 4.9 · 10−3
67.21 4.48 · 10−2 1.323 1.49 1.52 2.29 · 10−2 0.735 4.2 · 10−3 4.2 · 10−3
109.15 4.37 · 10−2 1.327 1.51 1.56 2.43 · 10−2 0.735 9.5 · 10−3 2.4 · 10−3
129.47 4.32 · 10−2 1.328 1.52 1.58 2.53 · 10−2 0.734 1.9 · 10−3 3.1 · 10−3
169.58 4.24 · 10−2 1.333 1.55 1.61 2.66 · 10−2 0.733 2.1 · 10−3 3.4 · 10−3
208.82 4.18 · 10−2 1.339 1.57 1.63 2.74 · 10−2 0.732 5.1 · 10−4 4.3 · 10−4
247.56 4.13 · 10−2 1.345 1.61 1.66 2.82 · 10−2 0.731 6.7 · 10−4 8.5 · 10−4
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Table A.11: Droplet size and spacing dependence (Cat = 0.3428± 3%,Ret = 0.0103± 3%,
γ = 0.56, κ = 0.53, λ = 1.75 to 10)
Output Std Dev (%)
λ D∗eq
wD
J
Dz φ δmin βC D
wD
J
φ
1.75 0.55 1.915 0.56 1.10 0.227 0.904 5 · 10−2 8.7 · 10−2 6.9 · 10−2
1.75 0.69 1.818 0.76 1.22 0.170 0.818 0.10 5.2 · 10−2 8.5 · 10−2
1.75 0.79 1.772 0.97 1.35 0.145 0.734 0.15 4.5 · 10−2 1.2 · 10−1
1.75 0.87 1.760 1.19 1.51 0.136 0.649 0.20 1.5 · 10−2 4.2 · 10−2
1.75 0.94 1.755 1.40 1.72 0.131 0.561 0.25 2.5 · 10−2 1.1 · 10−1
4.00 0.73 1.800 0.83 1.10 0.163 0.910 5 · 10−2 1.2 · 10−2 8.1 · 10−3
4.00 0.91 1.760 1.32 1.20 0.134 0.824 0.10 4.1 · 10−3 5.1 · 10−3
4.00 1.15 1.768 2.37 1.48 0.133 0.646 0.20 2.5 · 10−3 4.9 · 10−3
4.00 1.32 1.773 3.42 1.97 0.136 0.468 0.30 6.4 · 10−3 2.2 · 10−2
4.00 1.25 1.771 2.96 1.71 0.134 0.547 0.26 1.3 · 10−2 7.7 · 10−2
6.00 0.73 1.800 0.82 1.06 0.161 0.940 3.33 · 10−2 3 · 10−2 1.4 · 10−2
6.00 0.91 1.759 1.32 1.12 0.133 0.883 6.67 · 10−2 2 · 10−2 1.8 · 10−2
6.00 1.15 1.764 2.36 1.27 0.131 0.765 0.13 2.3 · 10−3 4 · 10−3
6.00 1.30 1.770 3.27 1.44 0.133 0.661 0.19 1.7 · 10−3 5.3 · 10−3
8.00 0.73 1.800 0.82 1.04 0.161 0.955 2.5 · 10−2 1.2 · 10−2 3.7 · 10−3
8.00 0.91 1.758 1.32 1.09 0.133 0.912 5.01 · 10−2 8.3 · 10−3 6.2 · 10−3
8.00 1.15 1.764 2.35 1.18 0.131 0.824 0.10 3.7 · 10−3 5.7 · 10−3
8.00 1.25 1.765 2.95 1.25 0.131 0.772 0.13 1.1 · 10−2 1.7 · 10−2
10.00 0.73 1.800 0.82 1.04 0.160 0.964 2 · 10−2 7.2 · 10−3 1.7 · 10−3
10.00 0.91 1.758 1.32 1.07 0.133 0.930 4 · 10−2 4.6 · 10−3 2 · 10−3
10.00 1.15 1.762 2.35 1.14 0.130 0.859 8 · 10−2 1.9 · 10−3 2.3 · 10−3
10.00 1.30 1.765 3.25 1.21 0.131 0.797 0.12 2.5 · 10−3 2.9 · 10−3
10.00 1.58 1.772 5.64 1.48 0.134 0.634 0.21 1 · 10−3 2.9 · 10−3
10.00 1.79 1.785 8.19 1.94 0.143 0.467 0.30 9.1 · 10−3 1.1 · 10−2
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Table A.12: Droplet size and spacing dependence (Cat = 0.1012± 4%,Ret = 0.0101± 4%,
γ = 0.56, κ = 0.53, λ = 1.75 to 4)
Output Std Dev (%)
λ D∗eq
wD
J
Dz φ δmin βC D
wD
J
φ
1.75 0.55 1.911 0.55 1.10 0.225 0.905 4.99 · 10−2 5.4 · 10−2 4.2 · 10−2
1.75 0.69 1.773 0.70 1.22 0.153 0.823 0.10 6.3 · 10−2 1 · 10−1
1.75 0.79 1.654 0.82 1.35 0.106 0.752 0.15 6.2 · 10−2 1.6 · 10−1
1.75 0.87 1.563 0.93 1.51 7.73 · 10−2 0.687 0.20 2.8 · 10−2 9.9 · 10−2
1.75 0.94 1.508 1.06 1.69 6.08 · 10−2 0.623 0.25 5.8 · 10−2 2.3 · 10−1
1.75 1.00 1.483 1.20 1.90 5.34 · 10−2 0.555 0.30 2.2 · 10−2 1.1 · 10−1
1.75 1.05 1.474 1.34 2.15 5.04 · 10−2 0.484 0.35 2 · 10−2 8.4 · 10−2
1.75 1.10 1.473 1.49 2.47 4.92 · 10−2 0.411 0.40 1.7 · 10−2 9.9 · 10−2
1.75 1.15 1.470 1.62 2.91 4.83 · 10−2 0.339 0.45 2.4 · 10−2 1.2 · 10−1
4.00 0.73 1.738 0.73 1.10 0.139 0.913 4.99 · 10−2 1.6 · 10−2 8.9 · 10−3
4.00 0.91 1.531 1.00 1.20 6.72 · 10−2 0.847 0.10 4.8 · 10−2 9.3 · 10−2
4.00 1.05 1.482 1.33 1.31 5.19 · 10−2 0.778 0.15 9.2 · 10−3 1.1 · 10−2
4.00 1.15 1.484 1.68 1.42 5.01 · 10−2 0.703 0.20 8.8 · 10−3 2.4 · 10−2
4.00 1.24 1.492 2.03 1.55 5.04 · 10−2 0.627 0.25 5.2 · 10−3 3.3 · 10−2
4.00 1.32 1.498 2.39 1.72 5.15 · 10−2 0.551 0.30 3.8 · 10−3 1.5 · 10−2
4.00 1.39 1.503 2.74 1.96 5.24 · 10−2 0.474 0.35 4.1 · 10−3 1.4 · 10−2
4.00 0.65 1.820 0.65 1.07 0.175 0.935 3.6 · 10−2 1.1 · 10−1 6.3 · 10−2
4.00 0.80 1.648 0.82 1.13 0.105 0.890 6.7 · 10−2 2.1 · 10−2 1.6 · 10−2
4.00 1.00 1.489 1.20 1.27 5.46 · 10−2 0.805 0.13 1.2 · 10−2 1.7 · 10−2
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Table A.13: Droplet size and spacing dependence (Cat = 0.1012± 4%,Ret = 0.0101± 4%,
γ = 0.56, κ = 0.53, λ = 6 to 10)
Output Std Dev (%)
λ D∗eq
wD
J
Dz φ δmin βC D
wD
J
φ
6.00 0.73 1.739 0.74 1.06 0.139 0.942 3.33 · 10−2 2.1 · 10−2 7.4 · 10−3
6.00 0.91 1.532 1.01 1.13 6.73 · 10−2 0.898 6.67 · 10−2 1.8 · 10−2 1.1 · 10−2
6.00 1.15 1.484 1.68 1.24 5.01 · 10−2 0.802 0.13 7.5 · 10−3 1.4 · 10−2
6.00 0.80 1.648 0.82 1.08 0.105 0.926 4.47 · 10−2 5.3 · 10−2 3.2 · 10−2
6.00 1.00 1.490 1.20 1.16 5.48 · 10−2 0.870 8.73 · 10−2 2.3 · 10−2 1.4 · 10−2
6.00 1.30 1.493 2.29 1.36 5.05 · 10−2 0.714 0.19 5.9 · 10−3 1.2 · 10−2
6.00 1.62 1.513 4.19 2.02 5.44 · 10−2 0.441 0.37 5.6 · 10−3 4.7 · 10−2
8.00 0.73 1.738 0.74 1.05 0.139 0.957 2.5 · 10−2 2 · 10−2 5.1 · 10−3
8.00 0.91 1.532 1.01 1.09 6.72 · 10−2 0.923 5.01 · 10−2 3.6 · 10−2 3.8 · 10−2
8.00 1.15 1.484 1.68 1.17 5 · 10−2 0.852 0.10 6 · 10−3 1.1 · 10−2
8.00 0.65 1.821 0.65 1.03 0.175 0.967 1.8 · 10−2 3.3 · 10−2 5.9 · 10−3
8.00 0.80 1.648 0.82 1.06 0.105 0.945 3.35 · 10−2 1.8 · 10−2 6.4 · 10−3
8.00 1.00 1.491 1.20 1.12 5.48 · 10−2 0.902 6.55 · 10−2 1.2 · 10−2 6.5 · 10−3
8.00 1.25 1.489 2.09 1.22 4.97 · 10−2 0.808 0.13 5 · 10−3 5.7 · 10−3
8.00 1.62 1.506 4.16 1.57 5.34 · 10−2 0.583 0.28 8.2 · 10−3 1.5 · 10−2
10.00 0.73 1.738 0.74 1.04 0.139 0.965 2 · 10−2 3 · 10−2 5.7 · 10−3
10.00 0.91 1.533 1.01 1.07 6.75 · 10−2 0.939 4 · 10−2 1.1 · 10−2 3 · 10−3
10.00 1.15 1.484 1.68 1.13 5 · 10−2 0.881 8 · 10−2 6.3 · 10−3 5.7 · 10−3
10.00 0.65 1.821 0.65 1.03 0.175 0.974 1.44 · 10−2 4.7 · 10−2 7.3 · 10−3
10.00 0.80 1.649 0.82 1.05 0.105 0.956 2.68 · 10−2 2 · 10−2 6.4 · 10−3
10.00 1.00 1.492 1.20 1.09 5.51 · 10−2 0.922 5.23 · 10−2 1.4 · 10−2 8.2 · 10−3
10.00 1.30 1.490 2.28 1.18 4.99 · 10−2 0.829 0.12 6.4 · 10−3 6.4 · 10−3
10.00 1.65 1.503 4.34 1.43 5.26 · 10−2 0.650 0.23 2.6 · 10−3 8.2 · 10−3
10.00 1.58 1.500 3.87 1.36 5.19 · 10−2 0.690 0.21 3.8 · 10−3 1 · 10−2
10.00 1.79 1.511 5.51 1.64 5.42 · 10−2 0.549 0.30 1.7 · 10−3 9.9 · 10−3
10.00 1.95 1.520 7.18 2.11 5.68 · 10−2 0.407 0.39 1.4 · 10−3 8.1 · 10−3
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Table A.14: Droplet size and spacing dependence (Cat = 0.0486± 7%,Cat = 0.0486± 7%,
γ = 0.56, κ = 0.53, λ = 1.75 to 10)
Output Std Dev (%)
λ D∗eq
wD
J
Dz φ δmin βC D
wD
J
φ
1.75 0.55 1.910 0.55 1.10 0.224 0.904 5 · 10−2 9.6 · 10−2 4.6 · 10−2
1.75 0.69 1.772 0.70 1.22 0.152 0.823 0.10 6.5 · 10−2 1.2 · 10−1
1.75 0.79 1.640 0.80 1.35 0.103 0.754 0.15 6.7 · 10−2 1.6 · 10−1
1.75 0.87 1.522 0.89 1.52 6.6 · 10−2 0.697 0.20 6.1 · 10−2 2.1 · 10−1
1.75 1.00 1.372 1.09 1.97 2.96 · 10−2 0.589 0.30 5.1 · 10−2 2.3 · 10−1
1.75 1.05 1.342 1.20 2.23 2.48 · 10−2 0.530 0.35 3.9 · 10−2 2.4 · 10−1
1.75 1.10 1.324 1.31 2.53 2.23 · 10−2 0.470 0.40 3.1 · 10−2 1.8 · 10−1
1.75 1.15 1.316 1.43 2.89 2.11 · 10−2 0.408 0.45 4.1 · 10−2 1.4 · 10−1
4.00 0.73 1.733 0.73 1.10 0.137 0.913 5 · 10−2 1 · 10−1 6.4 · 10−2
4.00 0.91 1.465 0.94 1.21 5.08 · 10−2 0.853 0.10 4.5 · 10−2 4.3 · 10−2
4.00 1.15 1.330 1.47 1.46 2.29 · 10−2 0.734 0.20 1.8 · 10−2 7.1 · 10−2
4.00 1.32 1.333 2.04 1.71 2.04 · 10−2 0.600 0.30 1.5 · 10−2 5.8 · 10−2
4.00 1.25 1.329 1.79 1.59 2.08 · 10−2 0.660 0.26 1.3 · 10−2 3.3 · 10−2
6.00 0.91 1.467 0.95 1.13 5.11 · 10−2 0.902 6.67 · 10−2 4.1 · 10−2 2.1 · 10−2
6.00 0.73 1.733 0.73 1.06 0.137 0.942 3.33 · 10−2 6.6 · 10−2 2 · 10−2
6.00 1.15 1.334 1.47 1.27 2.33 · 10−2 0.822 0.13 2.1 · 10−2 2.1 · 10−2
6.00 1.30 1.333 1.98 1.37 2.06 · 10−2 0.744 0.19 1.8 · 10−2 3.5 · 10−2
8.00 0.73 1.733 0.73 1.04 0.137 0.957 2.5 · 10−2 5.9 · 10−2 1.2 · 10−2
8.00 0.91 1.466 0.95 1.10 5.11 · 10−2 0.927 5.01 · 10−2 4.2 · 10−2 2 · 10−2
8.00 1.15 1.336 1.47 1.19 2.36 · 10−2 0.866 9.99 · 10−2 9.2 · 10−3 9.7 · 10−3
8.00 1.25 1.333 1.81 1.23 2.15 · 10−2 0.828 0.13 1.3 · 10−2 1.7 · 10−2
10.00 0.73 1.733 0.73 1.04 0.137 0.965 2 · 10−2 6.6 · 10−2 1.3 · 10−2
10.00 0.91 1.467 0.95 1.08 5.11 · 10−2 0.941 4 · 10−2 6.7 · 10−2 3.9 · 10−2
10.00 1.15 1.338 1.48 1.15 2.38 · 10−2 0.893 8 · 10−2 2.1 · 10−2 1.2 · 10−2
10.00 1.30 1.335 1.98 1.19 2.09 · 10−2 0.846 0.12 1.4 · 10−2 2.2 · 10−2
10.00 1.58 1.345 3.31 1.34 2.09 · 10−2 0.722 0.21 8.4 · 10−3 1.9 · 10−2
10.00 1.79 1.354 4.67 1.54 2.21 · 10−2 0.596 0.30 3.9 · 10−3 1.7 · 10−2
10.00 1.95 1.365 6.06 1.87 2.47 · 10−2 0.468 0.39 5.6 · 10−3 6.5 · 10−2
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Table A.15: Viscosity ratio dependence (D∗eq = 1.15, Ret = 0.0142± 12%, λ = 4, γ = 0.56,
κ = 0.021, D = 0.20)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
3.4 · 10−2 1.326 1.41 1.34 1.79 · 10−2 0.735 4.4 · 10−2 1 · 10−1
5.48 · 10−2 1.424 1.50 1.28 2.82 · 10−2 0.715 4.1 · 10−2 8 · 10−2
7.73 · 10−2 1.522 1.58 1.24 4.1 · 10−2 0.696 2.5 · 10−2 7.3 · 10−2
0.126 1.694 1.74 1.21 6.65 · 10−2 0.661 1.3 · 10−2 2.5 · 10−2
0.133 1.716 1.76 1.20 6.96 · 10−2 0.657 1.7 · 10−2 3.6 · 10−2
0.142 1.741 1.78 1.20 7.35 · 10−2 0.652 1.5 · 10−2 2.3 · 10−2
0.152 1.766 1.81 1.20 7.74 · 10−2 0.647 8.8 · 10−3 1.9 · 10−2
0.163 1.794 1.83 1.20 8.13 · 10−2 0.641 1.2 · 10−2 3.7 · 10−2
0.280 2.003 2.04 1.19 0.110 0.599 7.3 · 10−3 1.5 · 10−2
0.316 2.047 2.09 1.19 0.115 0.591 5 · 10−3 1.4 · 10−2
0.337 2.070 2.11 1.19 0.117 0.586 9 · 10−3 1.8 · 10−2
0.361 2.094 2.14 1.19 0.120 0.581 4.4 · 10−3 1.6 · 10−2
0.371 2.103 2.15 1.19 0.121 0.579 2.6 · 10−3 8.1 · 10−3
0.387 2.118 2.16 1.19 0.122 0.576 5.3 · 10−3 1.6 · 10−2
0.418 2.144 2.19 1.20 0.125 0.571 4.3 · 10−3 1.1 · 10−2
0.496 2.196 2.25 1.20 0.130 0.561 5.8 · 10−3 1.6 · 10−2
0.605 2.252 2.31 1.20 0.136 0.550 4.6 · 10−3 1.3 · 10−2
0.769 2.311 2.38 1.21 0.141 0.538 3 · 10−3 9.3 · 10−3
1.045 2.374 2.46 1.22 0.148 0.525 1.6 · 10−3 1 · 10−2
1.596 2.439 2.53 1.22 0.154 0.512 1.9 · 10−3 1.8 · 10−3
1.780 2.452 2.55 1.23 0.156 0.509 1.6 · 10−3 4.2 · 10−3
2.010 2.465 2.56 1.23 0.157 0.507 2 · 10−3 3.1 · 10−3
2.306 2.479 2.57 1.23 0.158 0.504 1.5 · 10−3 8.2 · 10−3
2.699 2.492 2.58 1.23 0.160 0.501 5.8 · 10−3 2.6 · 10−2
3.254 2.506 2.58 1.23 0.161 0.499 7.2 · 10−3 3.7 · 10−2
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Table A.16: Viscosity ratio dependence (D∗eq = 1.15, Ret = 0.0124± 9%, λ = 4, γ = 0.56,
κ = 0.1, D = 0.20)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
5.29 · 10−2 1.401 1.49 1.31 2.65 · 10−2 0.720 4.5 · 10−2 6.9 · 10−2
7.39 · 10−2 1.486 1.57 1.28 3.79 · 10−2 0.703 1.8 · 10−2 3 · 10−2
0.118 1.631 1.72 1.26 6.09 · 10−2 0.674 9.8 · 10−3 2.5 · 10−2
0.152 1.714 1.81 1.25 7.54 · 10−2 0.657 9.2 · 10−3 1.6 · 10−2
0.254 1.884 2.01 1.26 0.105 0.623 3.9 · 10−3 7.2 · 10−3
0.529 2.091 2.32 1.30 0.136 0.582 5.2 · 10−3 1.3 · 10−2
0.666 2.142 2.41 1.31 0.143 0.572 4 · 10−3 6.7 · 10−3
0.895 2.197 2.51 1.33 0.152 0.560 3.3 · 10−3 6.2 · 10−3
1.352 2.257 2.63 1.35 0.160 0.548 2.9 · 10−3 3.2 · 10−3
Table A.17: Viscosity ratio dependence (D∗eq = 1.15, Ret = 0.0094± 5%, λ = 4, γ = 0.56,
κ = 1.0, D = 0.20)
Output Std Dev (%)
Cat
wD
J
Dz φ δmin βC
wD
J
φ
4.35 · 10−2 1.296 1.46 1.55 2.15 · 10−2 0.741 1.6 · 10−2 4 · 10−2
5.98 · 10−2 1.343 1.53 1.53 2.88 · 10−2 0.731 6.9 · 10−3 1.8 · 10−2
9.33 · 10−2 1.429 1.68 1.50 4.72 · 10−2 0.714 5.8 · 10−3 9.8 · 10−3
0.119 1.481 1.79 1.50 6.1 · 10−2 0.704 5.8 · 10−3 2.6 · 10−2
0.195 1.591 2.10 1.51 9.49 · 10−2 0.682 4.4 · 10−3 1.6 · 10−2
0.397 1.740 2.81 1.55 0.153 0.652 6.8 · 10−3 2.9 · 10−2
0.497 1.784 3.16 1.56 0.173 0.643 3.9 · 10−3 2 · 10−2
134
Table A.18: Density ratio dependence (D∗eq = 0.73, Ret = 0.0100± 0.2%, λ = 4, κ = 0.53,
D = 0.05)
Output Std Dev (%)
Cat γ
wD
J
Dz φ δmin βC
wD
J
φ
4.99 · 10−2 1 · 10−2 1.731 0.73 1.10 0.137 0.913 7.6 · 10−2 4 · 10−2
4.99 · 10−2 0.10 1.731 0.73 1.10 0.137 0.913 7.6 · 10−2 4 · 10−2
4.99 · 10−2 1.00 1.733 0.73 1.10 0.137 0.913 6.3 · 10−2 3.1 · 10−2
4.99 · 10−2 0.56 1.733 0.73 1.10 0.137 0.913 1 · 10−1 6.4 · 10−2
9.98 · 10−2 1 · 10−2 1.738 0.73 1.10 0.139 0.913 9.1 · 10−2 1.2 · 10−1
9.98 · 10−2 1.00 1.739 0.74 1.10 0.139 0.913 8.1 · 10−2 5.7 · 10−2
9.98 · 10−2 0.10 1.738 0.73 1.10 0.139 0.913 2.8 · 10−2 1.5 · 10−2
9.98 · 10−2 0.56 1.738 0.73 1.10 0.139 0.913 1.6 · 10−2 8.9 · 10−3
0.334 1.00 1.799 0.82 1.10 0.160 0.910 8.5 · 10−3 5.4 · 10−3
0.334 0.56 1.800 0.83 1.10 0.163 0.910 1.2 · 10−2 8.1 · 10−3
0.334 0.10 1.803 0.82 1.10 0.162 0.910 1.5 · 10−2 8.9 · 10−3
0.334 1 · 10−2 1.803 0.82 1.10 0.162 0.910 1 · 10−2 7.2 · 10−3
Table A.19: Density ratio dependence (D∗eq = 1.15, Ret = 0.0100± 0.2%, λ = 4, κ = 0.53,
D = 0.20)
Output Std Dev (%)
Cat γ
wD
J
Dz φ δmin βC
wD
J
φ
4.66 · 10−2 1.00 1.330 1.47 1.46 2.24 · 10−2 0.734 1.2 · 10−2 4 · 10−2
4.67 · 10−2 0.56 1.330 1.47 1.46 2.29 · 10−2 0.734 1.8 · 10−2 7.1 · 10−2
4.7 · 10−2 0.10 1.331 1.47 1.45 2.38 · 10−2 0.734 2.2 · 10−2 5.1 · 10−2
4.7 · 10−2 1 · 10−2 1.331 1.47 1.45 2.39 · 10−2 0.734 4.5 · 10−2 1.3 · 10−1
0.100 1.00 1.483 1.68 1.42 4.97 · 10−2 0.703 8.4 · 10−3 2.4 · 10−2
0.100 0.56 1.484 1.68 1.42 5.01 · 10−2 0.703 8.8 · 10−3 2.4 · 10−2
0.101 0.10 1.487 1.69 1.41 5.08 · 10−2 0.703 9.8 · 10−3 3 · 10−2
0.101 1 · 10−2 1.488 1.69 1.41 5.1 · 10−2 0.702 2.4 · 10−2 8.6 · 10−2
0.349 1.00 1.766 2.36 1.48 0.131 0.647 1.5 · 10−2 5.9 · 10−2
0.350 0.56 1.768 2.37 1.48 0.133 0.646 2.5 · 10−3 4.9 · 10−3
0.350 0.10 1.772 2.39 1.48 0.135 0.646 2.4 · 10−3 9.4 · 10−3
0.350 1 · 10−2 1.773 2.40 1.48 0.135 0.645 2.4 · 10−3 1.9 · 10−2
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Table A.20: Density ratio dependence (D∗eq = 1.15, Ret = 0.0128± 13%, λ = 4, κ = 0.021,
D = 0.20)
Output Std Dev (%)
Cat γ
wD
J
Dz φ δmin βC
wD
J
φ
5.48 · 10−2 1.00 1.423 1.50 1.28 2.76 · 10−2 0.715 3.5 · 10−2 8.1 · 10−2
5.48 · 10−2 0.56 1.424 1.50 1.28 2.82 · 10−2 0.715 4.1 · 10−2 8 · 10−2
5.49 · 10−2 1 · 10−2 1.423 1.50 1.27 2.85 · 10−2 0.715 5.3 · 10−2 1.1 · 10−1
5.49 · 10−2 0.10 1.425 1.50 1.27 2.87 · 10−2 0.715 3.7 · 10−2 1.2 · 10−1
0.125 1.00 1.690 1.73 1.21 6.58 · 10−2 0.662 1.2 · 10−2 2.2 · 10−2
0.126 0.56 1.694 1.74 1.21 6.65 · 10−2 0.661 1.3 · 10−2 2.5 · 10−2
0.126 1 · 10−2 1.697 1.74 1.20 6.64 · 10−2 0.661 1.2 · 10−2 1.9 · 10−2
0.126 0.10 1.703 1.75 1.20 6.74 · 10−2 0.659 1.4 · 10−1 8.4 · 10−2
0.495 1.00 2.193 2.25 1.20 0.130 0.561 2.2 · 10−3 1.1 · 10−2
0.496 0.56 2.196 2.25 1.20 0.130 0.561 5.8 · 10−3 1.6 · 10−2
0.497 0.10 2.201 2.26 1.20 0.130 0.560 2.2 · 10−2 2.5 · 10−2
0.497 1 · 10−2 2.201 2.26 1.20 0.130 0.560 8.9 · 10−3 2.1 · 10−2
Table A.21: Coriolis with constant driving force dependence (D∗eq = 1.20, D = 0.226,
λ = 4, γ = 0.56, κ = 0.53)
Output Std Dev (%)
Ek Cat Ret
wD
J
Dz δmin βC
wD
J
2 · 10−2 8.84 · 10−2 0.884 1.459 1.90 6.43 · 10−2 0.670 8 · 10−3
2.5 · 10−2 9.16 · 10−2 0.916 1.464 1.88 5.97 · 10−2 0.669 5 · 10−3
0.100 0.101 1.006 1.489 1.87 5.19 · 10−2 0.663 1.2 · 10−2
0.500 0.102 1.016 1.492 1.87 5.15 · 10−2 0.662 4.9 · 10−3
1.000 0.102 1.016 1.492 1.87 5.13 · 10−2 0.663 4.3 · 10−3
2.000 0.102 1.015 1.492 1.87 5.13 · 10−2 0.662 6.1 · 10−3
136
Table A.22: Rotation without Coriolis (D∗eq = 1.20, D = 0.226, λ = 4, γ = 0.56, κ = 0.53)
Output Std Dev (%)
Eo Cat Ret
wD
J
Dz δmin βC
wD
J
0.5 2.94 · 10−2 0.294 1.241 1.51 1.47 · 10−2 0.719 1.4 · 10−2
0.5 2.94 · 10−2 0.587 1.241 1.51 1.46 · 10−2 0.719 9.1 · 10−3
0.83 5.3 · 10−2 0.159 1.319 1.62 2.34 · 10−2 0.702 3.5 · 10−2
1 6.29 · 10−2 1.886 1.342 1.66 2.69 · 10−2 0.697 2.9 · 10−2
1 6.32 · 10−2 0.632 1.344 1.66 2.73 · 10−2 0.696 1.1 · 10−1
1.5 9.72 · 10−2 1.944 1.419 1.80 4.17 · 10−2 0.679 1.1 · 10−1
1.67 0.111 3.319 1.449 1.84 4.73 · 10−2 0.672 5 · 10−2
2.5 0.168 3.363 1.530 2.03 7.31 · 10−2 0.654 2.9 · 10−2
2.67 0.179 5.380 1.541 2.05 7.44 · 10−2 0.651 1.7 · 10−1
3 0.198 1.979 1.555 2.11 8.02 · 10−2 0.648 1.1 · 10−2
3.33 0.220 0.660 1.574 2.18 8.76 · 10−2 0.644 7.2 · 10−3
3.33 0.224 6.723 1.585 2.19 9.08 · 10−2 0.642 2.1 · 10−2
4 0.264 5.277 1.607 2.30 9.97 · 10−2 0.636 1.5 · 10−2
5 0.333 3.332 1.655 2.48 0.115 0.626 8.7 · 10−2
5 0.335 6.689 1.657 2.49 0.116 0.625 1.4 · 10−2
6 0.399 7.978 1.687 2.66 0.129 0.618 1.1 · 10−2
8 0.521 5.205 1.721 2.98 0.153 0.611 3.2 · 10−2
10 0.653 6.533 1.763 3.34 0.172 0.601 7 · 10−3
12 0.776 7.759 1.774 3.58 0.187 0.599 8.6 · 10−2
Table A.23: Full rotation (D∗eq = 1.20, D = 0.226, λ = 4, γ = 0.56, κ = 0.53, R
∗ = 2493)
Output Std Dev (%)
Ek Eo Cat Ret
wD
J
Dz δmin βC
wD
J
3.312 5 0.349 6.983 1.661 2.53 0.120 0.624 4.1 · 10−3
4.684 2.5 0.175 3.502 1.535 2.05 7.34 · 10−2 0.653 1.9 · 10−3
10.474 1 6.7 · 10−2 0.670 1.357 1.68 2.92 · 10−2 0.693 4 · 10−3
10.474 0.5 3.13 · 10−2 0.626 1.251 1.53 1.54 · 10−2 0.717 1 · 10−2
10.474 3.33 0.234 0.702 1.591 2.22 9.2 · 10−2 0.640 2.5 · 10−3
14.812 0.5 3.13 · 10−2 0.313 1.252 1.53 1.54 · 10−2 0.717 1.2 · 10−2
14.812 1.67 0.115 0.346 1.458 1.87 5.16 · 10−2 0.670 1.1 · 10−2
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